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Preface 


The present book covers one common semester course on quantum 
mechanics for postgraduate students including biology students 
having poor mathematical background, which the senior author 
has taught since 1970 in Gorakhpur University. It starts with a 
background which is familiar to students of Indian Universities 
as wellas, that of other developing countries. In contrast, majority 
of foreign books are based on the assumption that the readers 
possessed understanding of specific levels which is not true in the 
Indian context. Hence, the subject matter has been developed on 
the basis of a logical structure which is readable and consistent. 

The book is intended to bean introductory text for postgraduate 
level for Indian Universities and not a monograph. However, a 
comprehensive treatment of areas in chemistry where the impact 
of quantum mechanics is profound has been included in the text. 
Mathematical details have been avoided but concept has been 
emphasised. t А 

The subject matter has been divided into fifteen chapters. The 
first three chapters deal with the foundations of quantum mecha- 
nics. The subject matter of the followingchapters has been divided 
into the following groups: 

1. System having free electrons 

2. System having atoms with bound electrons 
i) Simple atoms—one electron system 
ii) Polyelectronic atoms 
Small molecules 
Large organic moles 
Complex inorganic compounds 
Weak interactions 
Behaviour of group of atoms and molecules. 
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A chapter on symmetry of molecules and orbitals has been in- 
cluded in order to familiarise the reader with the use of group 
theory in solving quantum mechanical problems. A chapter on 
mathematical techniques used in quantum mechanics has also 
been included in the end to provide relevant material for the 
proper appreciation of mathematical steps. Number of useful 
appendices have been added at the end of the chapters which make 
the subject-matter more comprehensive. About 80 problems, some 
of them solved, have been added at the end, and these enhance 
the utility of the book. 

The financial assistance of U.G.C. in the preparation of the 
manuscript and the help rendered by Dr. Sushma Rastogi is 
` gratefully acknowledged. The authors are grateful to Dr. Kehar 
Singh and Dr. S.C. Bahel for the help rendered in the early stages. 
Thanks are due to Dr. M.C. Gupta for critically going through 
the manuscript in the final stages and the help rendered in writing 
Chapter 13 and the appendices. 
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CHAPTER 1 


Quantum Hypothesis 


1.1 Historical Development of Quantum Theory 


Quantum mechanics or wave-mechanics was developed as a sequel 
to quantum hypothesis, An idea of the history of this develop- 
ment can be had from Table 1.1. 

The seeds of quantum mechanics were laid in the beginning of 
the 20th century, when a revolutionary idea regarding the nature 
of energy was suggested. This was necessary since theories based 
on older concept could not explain certain experimental facts. We 
shall first briefly outline the earlier concept of energy and discuss 
how it ran into difficulties. 

Earlier ideas about energy were mainly drawn from the kinetic 
theory of gases, which shows that PV = 2/3 K.E, = RT. In other 
words, a simple molecular picture leads to the conclusion that 
translational energy of a mole of gas is just 3/2 RT. Since the 
movement of molecules can occur along the three axes X, y, and 
z, the molecules have three translational degrees of freedom. 
According to the law of equipartition of energy, it is supposed 
that energy is equally distributed in each degree of freedom and 
hence each degree of freedom is associated with energy equal to 
1/2 RT per mole. The immediate consequence of this concept is 
that since T can assume any value, 1/2 RT is also a continuous 
function and hence the energy can vary continuously. The energy 
of a molecule includes translational, vibrational and rotational 
energy, Thus, the total energy would then be governed by the 


Table 1.1. Outline of historica! development of quantum theory 


Year Investigators Contribution 
1900 Planck Radiation formula through energy 
quanta 
1905 Einstein Photo-electric effect through photons 
1901-13 Einstein, Debye, Specific heats of crystals near absolute 
. Born zero 
1911 Rutherford Atoms with small positive nucleus 
1913 - Bohr Simple model of hydrogen atom 
1914 Franck, Hertz Atomic energy levels by electron 
bombardment 
1915-16 Wilson, Rules of quantisation 
Sommerfield 
1922 Stern, Gerlach Discrete values for physical quanta 
1923 Compton Inelastic collision of photons and 
electron 
1924 de Broglie Wave nature of electron and matter 
1925 Pauli Exclusion principle 
1926 Heisenberg, Born, Wave mechanics and Matrix mechanics 
Jordon, 
Schrédinger 
1927 Heisenberg Uncertainty principle 
1927 Davisson, Electron diffraction by crystal 
Germer 
1927 Burren, Heitler, ~ Application to hydrogen molecule ion 
London et al. and hydrogen molecule 
1930-40 Slater, Kirkwood, Perturbation theory 


Lennard-Jones 


number of degrees of freedom including rotational and vibrational, 
each degree of freedom carrying energy equivalent to 1/2 RT pet 
mole or 1/2 kT per molecule where k is the Boltzmann constant. 

The above concept of energy based on kinetic theory was 4 
powerful concept and it could explain many unrelated experimental 
findings. For example, it could be used to predict with success, 
the ratio of specific heats of gases at constant pressure and at 
constant volume. However, by the end of 19th century, many 
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experimental results accumulated which could. not be explained 
on the basis of the above concept. Amongst these were the experi- 
mental results on the temperature dependence of specific heats of 
solids (Fig. 1.1) and the line spectrum of hydrogen (Fig. 1.2). 
We shall first discuss the results on the specific heats of solids. 
Figure 1.1 clearly shows that (i) specific heat of diamond strongly 


C. Atomic heat 


l— 
100-k 200 300 400 500 600 700 


Fig. 1.1. Variation of atomic heat of diamond with temperature. 


Lyman Balmer Paschen Bracket Pfund 
series series series series series 


Fig. 1.2. Spectral lines of hydrogen. 
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depends on temeprature below 1000°C and tends to approach 
zero at absolute zero and (ii) beyond 1000?C the value approaches 
3 R. Let us examine whether the classical energy picture predicts 
these experimental features. We consider a crystal containing № 
atoms occupying definite lattice positions. Fach atom will be 
free to oscillate around its mean position along three perpendicular 
planes. In each plane it will have two degrees of freedom. Hence 
energy of each oscillator will be 3 КТ. Thus the total energy E of 
N oscillator in the system: would be given by, 


Е = 3NkT (1.1) 
and therefore 


— (22) _ зм 
Gym (25),- 3Nk — 3R (1.2) 


which in a way, confirms Dulong and Petit’s law. The implications 
of equation (1.2) are the following: 

i) Specific heat at constant volume is independent of tempera- 
ture. 

ii) Specific heats of all solids should be equal to 3R. (Crystals 
made up of a lattice of single particles.) 

We now know that both the conclusions are not consistent 
with experimentalfacts. The first implication does not agree with 
Fig. 1.1. Hence it is obvious that the classical concept of energy 
requires drastic modification. This belief is further confirmed 
when we examine Fig. 1.2. The appearance of series of lines in 
hydrogen spectrum simply shows that energy has a discontinuous 
character. In order to overcome the above and similar difficulties 
in interpreting the black-body spectrum, Planck put forward an 
етше new concept about energy. His assumptions were as fol- 

ows: 

i) The energy of an oscillator does not vary continuously. There 
are finite number of energy levels eo, ei, є2,... 

ii) The energies arean integral number of the smallest amount, 
ES eo = Q, єр = 65,6 = 2 6... (1.3) 


iii The smallest amount i i 
of energy є is proportional to fre- 
quency v of the oscillator so that Bu PUR i 


е єт = Йу (1.4) 
where л is Planck const: 7 
is called quanta. ant. Thus the unit of energy is Ay which 
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Planck suggested a method using the above assumptions to 


calculate the energy of a system containing N oscillators particu- 
larly when number of oscillators may occupy different energy 


levels. This procedure is given below. 
According to Boltzmann distribution law we have 
ni = no e 5/47 


Nz = по ек7 
ni = no e &/*T 


where л, 712,.... are the number of oscillators having energies 
- and ло is the number of oscillators in the lowest energy 
F. 


state. Hence the total number of oscillators would be given Ьу, 4 


€1, €2) ++ 
N = nmn + т + п + e. 
+ no e &/*T 4- ng emf a/kT -| 


по 


N = по(1 + eA 4 g72hv/kT 4, » 
(1.5) 


so that, 
eo 
g- xhvikT 


== По 


x=0 
The total energy of the oscillators would, therefore, be given by 
хе sila ht ee (LAS) 


Е = «опо + eiti + «по +... = noliy 
x=0 
Ё х ME 
Therefore the average energy of the oscillators « = Ww can be 
written as 
Жу > x (ект) 
- E =0 
= т 5 (1.7) 
5 [CR 
x=0 


Putting 271/7 = y and noting that y < 1 we can write, numera- 
g 
hy 
az and 
(1— у)? 


tor of equation (1.7) = Љу (1 + 2y + 32 +...) = 
= 12y! 


b 
denominator of equation (1.7) = 1+ y + y? + 


- E hy hy 
Therefore =F e dr (1.8) 


which is the quantum mechanical expression of the average energy 
of an oscillator. 

We shall now try to examine quantitatively the difference bet- 
ween the classical and quantum energy concepts and to see whether 


the two can be reconciled under specific conditions. 
Therefore, 


= {Е Эу мух vd 
е к= туу атт] (1.8) 


We shall now try to examine what is the difference between the 
classical and quantum energy concepts and whether the two can 


be reconciled under certain circumstances. 
It follows that when, 


hy bored hw 
=< 1 then (e -Dez 


so that using equation (1.7) we get є = kT which is the classical 
value of average energy of an oscillator. Thus, it follows that at 
high temperature or when the value of v is low, quantum and 
classical results may be similar. This is the case for diamond for 
which the classical theory and quantum theory both yield identi- 
cal values of specific heats at high temperature ~ 1000°C. 

We shall now examine the extent to which quantum hypothe- 
sis quantitatively explains the specific heat results at various tem- 
peratures. 

Using equation (1.8) the total energy E of 3N oscillators would 
be given by; 

gaxy 5 (1.9) 


ФТТ ] 


50 that су, the specific heat at constant volume is given by 


hy \? 
hv]kT | — 
OE á (z7) (1.10) 
E E AE: ЗМ тет гу 


where E denotes the internal energy and V denotes the volume. 
Equation (1.9) is called Einstein equation for specific heat of 


1 


solids. At high temperatures when fy is small, cy would tend to 
3R according to equation (1.10). 

We shall not follow the historical sequence of the phenomena 
which were quantitatively explained by quantum hypothesis. In- 
stead, we shall discuss the case of hydrogen spectrum and critical 
potentials since these are more familiar. 

In 1886, J.J. Balmer discovered a relationship for the frequencies 
of the lines in the visible region of ‘the hydrogen spectrum. The 
wave number y was found to satisfy the following empirical equa- 


tion, 
1 " 1 1 - 
(а) оа 1 (1.11) 
where nz = 3, 4, 5.... The constant R is called Rydberg cons- 


tant and as the value 109, 677.76 cm™!. Later on some additional 
series of lines were discovered. Ritz (1908) showed that in genenal 
the frequency of radiations in such series could be expressed as a 
difference of two terms, i.e. 


(аан (1.12) 
where the values of nı and nz are given in Table 1.2. 


Table 1.2. Parameters of equation (1.12) 


Series m Ng Spectral region 
Lyman 1 BC ys c Op UV 

Balmer 2 3,455. Visible 
Paschen 3 4, 5, 6, LR. 

Bracket 4 5, 6, 7, LR 

Pfund h) 6,7,8, LR. 


The classical energy concept cannot explain the hydrogen spec- 
trum since it predicts a continuous spectrum. In fact, the classical 
theory predicts that the Rutherford atom would be unstable since 
an electron. moving in a circular path would emit continuous 
radiation and would lose energy continuously. It would ultimately 
fall into the nucleus within a period of 10710 sec. But on the 
contrary the atoms are found to be stable and to emit radiations 
of certain characteristic frequencies only when excited. Equation 
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(1.12) was theoretically obtained by Bohr using quantum hypo- 
thesis and a particular model of atom. The experimental value 
of Rydberg constant was found to agree well with the theoretical 
value. In order to derive equation (1.12) from theoretical consi- 
derations, Bohr made the following assumptions: 

1) Electrons can revolve around the nucleus only in certain 
allowed energy states. 

2) Radiation is emitted in descrete quanta whenever an electron 
jumps from a higher energy level E; to a lower energy level Ej. 
The energy change during electron jump is given by 


ДЕ = Ез = Еу = һу (1.13) 

Similarly when radiation is absorbed, energy change would be 
E,— E». 

3) The motion.of an electron is restricted in such a manner 

that angular momentum (тоғ) is an integral multiple of h/27, i.e., 


mor = = (1.14) 


thus, the electron is supposed to move in fixed orbits with the 
nucleus situated at the centre. Using above assumptions and the 
condition of equivalence of centrifugal force and electrostatic force 
of attraction we obtain following equations connecting the radius 
of the orbit r,, energy E, and velocity of an electron in a particu- 
lar orbit n. 


mp 
2 1.1 
Mn = Game (415 
27? me* 
um 1.16 
En ne ens 
e 
ЕЛЕ 9 (1.17) 
ir 


where / is Planck constant, т is mass of an electron and e is the 
electronic charge. The calculated values of the radius and energy 
of different orbits are given in Table 1.3. When n = 1, r„ is repre- 
sented by ао which is called Bohr radius. 

If v is the frequency of the radiation emitted in the process of 
electron jump from the orbit л» to orbit n; we have 


AE BY? EQ = ы 2n? те“ _ 2a? met (1.18) 
Y nin ni 


am 


Table 1.3. Radius and energy of different orbits of hydrogen atom 


n r (4°) E (cm7?) y (cm 62051) 
1 0.529 — 109,700 2.32 x 10° 
2 2.1 —27,400 m 

3 4.8 —12,200 — 

4 8.5 —6850 E 


AE is also called resonance potential. From equation (1.18) we 


have, 
hy = 22? met/h? pi di (1.19) 
nt ni . 
l nm 2s? me* ( 1 i 
" pum ара п ni 
с e 
since ue = 60 
we have, 
= Qm me*/ 1 1 
Y OYERS (зи) (1.20) 
Equations (1.12) and (1.20) are identical in form. Comparing the 
two equations, we have 
22? met 
Wm io xp 2 
ch? (1.21) 


When appropriate values of m, e, c and h are substituted on the 
right hand side of equation (1.21), the calculated value is found 
to be 1.09679 x 105 стт! which is in good agreement with the 
experimental value. Such a comparison has given strong support 
to the concept of stationary energy levels and quantum hypo- 
thesis. 

Equation (1.18) can be experimentally tested by direct measure- 
ment of resonance potential which is a measure of the energy 
required to raise the electron from a lower to a higher energy 
level. The energy required to remove an electron to an infinite 
distance, is called the ionisation potential and this can also be 
measured directly. The theoretical value of the ionisation poten- 
tial can be calculated from equation (1.18) by putting 72 = oc. 
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Experimental measurement of resonance potential is based on 
the following principle. If an electron collides with the atom of 


an element (in the vapour state) either of the following events can 
happen as shown in Fig. 1.3. 


Elastic pP 
T dai LET 
а) © С) Collision Ө + © 
Electron Atom Kinetic energy 

remains unchanged 
е ©, 
in i 
b) © + Inelastic: { 
Collision \ 


Electron Atom 


/ 
/ 


Atom gain energy 


Fig. 1.3. Schematic diagram of collision of an 
electron with an atom. 


a) An elastic collision without affecting the kinetic energy of 
impinging electron may occur. (b) The kinetic energy may be 
just sufficient to raise the electron from lower level to a higher 
energy level so that the impinging electron would lose some of its 
kinetic energy. Thus, if we have a device to measure the current 
due to flow of electrons, then in case (a) flow of current would be 
indicated whereas in case (b) the current would suddenly attain 
a low value. The kinetic energy of the electrons can be controlled 
by having an accelerating potential field in the path of the elec- 
tron beam. The accelerating potential which is just sufficient to 
bring about the situation (b) would be equal to the resonance 
potential. 


Following techniques have been used for the determination of 
ionisation potentials. 

a) direct photoionisation experiments, 

b) ultraviolet Rydberg series measurements, 

C) electron impact experiments, and 

d) photoelectron spectroscopy. i 
аа © and (b) give adiabatic values while it has been 
i НЯ electron impact experiments yield vertical ionisa- 
ш $. However, it has been pointed out that, although 

Ion experiments should yield vertical values high resolu- 
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tion experiments give adiabatic ones. The photoelectron spectro- 
scopy yields, in principle, both adiabatic and vertical values. 

If an atom contains more than one electron, there will be first, 
second, third' etc., ionisation potentials. For example, the first 
ionisation potential of a lithium atom is the energy required for 
Li > Lit + e; the second ionisation potential is the energy for 
Li* — Li+ + e. 

It is also possible to measure successive ionisation potentials 
which can be compared with theoretically predicted values based 
on Bohr model of atom. Values offirst and second ionisation 
potential of a few elements are given in Table 1.4. 


Table 1.4. Ionisation potential of some atoms (eV) 


" First ionisation Second ionisation 

Element potential potential 
H 13.60 
He 24.58 54.50 
Li 5.39 75.62 
Be 9.32 18.21 
B 8.30 25.15 
с 11.26 24.38 
N 14.54 29.60 
о 13.62 35.15 
Е 17.42 34.98 
Ne 21.56 41.07 


In the subsequent pages we shall discuss a few more independ- 
ent phenomena which give further support to quantum hypo- 


thesis. 
1.2 Black Body Radiation 


Hot bodies emit radiations similar to electromagnetic radiations. 
Kirchoff established that, when heated, theability ofa given sub- 
stance to emit radiation is proportional to its ability of absorbing 
radiation. The fraction of the radiant energy which is absorbed is 
called absorptivity. Since the absorptivity is less than unity for 
all surfaces except a black body, it is clear that no surface can 
emit strongly than а black body. The closest realisation of 
black body behaviour is a well insulated heated cavity from which 
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purely thermal radiation escapes through a small hole in one wall. 
An electrically heated furnance with a small opening serves as а 
convenient black body. 

The energy of radiation emitted by hot bodies can be analysed 
by passage through a fluorite prism. A thermal spectrum similar 
to visible spectrum is obtained. For measuring the intensity of 
radiation corresponding to different wavelengths, a thermopile is 
moved along the different parts of the spectrum. The deflection 
of the galvanometer connected to the thermopile is proportional 
to the intensity of radiation. 

Typical experimental results given in Fig. 1.4 lead to following 
conclusions. 

1) The radiant energy Е, varies with the wavelength and has 
a maximum value at a certain wavelength Алах. 


2) Amax is inversely proportional to the absolute temperature of 
the radiator, i.e. 


Атах T = 0.287 cm °C (1.22) 


A working theory was needed to explain these experimental 
results. Both thermodynamics and classical mechanics were used 


Та 
| Тз 
ч 
T2 
Molino > 
je eee ae 
i 


Т.<75< T34«T, 
Fig. 1. 
ig. 1.4. Energy spectrum of a black body at various temperatures. 


to develop a theor 


following expression 10110. 1900. Wien in 1896 deduced the 


on on the basis of thermodynamic agruments 
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Е, = 3 ec ^T (1.23) 
where ст and cz are constants. E, corresponds to the position of 


spectrum lying between A and А + 4А. Equation (1.23) predicts 
a maximum as shown below. Differentiating equation (1.23), we 


get 
dE (5) оет. et, rms) 
ТА ДЕРЕ РОЛЕ MT bene Rope 
or 
dE а (с\т 
аа (хх з), : (1.24) 
We know that dE,/dÀ = 0 when A = Алах 
Thus, 
АСАТ *. 1.25 
Т Р ше; 
ог T-Amax = 62/5 (1.26) 


Although Wien's equations accounts for the observed maxi- 
mum in Fig. 1.4, it cannot explain the dependence of E, on wave- 
length at high temperatures and low frequencies. 

Rayleigh used the following arguments to obtain an equation 
for E, based on classical mechanics. Since matter and radiation 
are in equilibrium under these conditions the energy dE of radia- 
tion at a particular frequency v is equal to the number of black 
body oscillators of frequency between > and v + dv multiplied by 
the average energy « ofthe oscillators, 
so that A 
dE = dN « (1.27) 


According to a general theorem of elasticity, the number of 
oscillators per unit volume is given by, 


_ 80 9) 87 


- 38 ЗАЗ 


Непсе, 
dN 87у ам  8- 


dv Qd M 


and 
8т y? e dv 8m є da 
аЕ = -=5 (1.28) 
Therefore the energy per unit of frequency F, is given by 
_dE _ 8ту2 є 
ic abr ua (1.29) 
and energy per wavelength unit E, is given by 
_ dE 8s є 
B =-F = (1.30) 


According to classical theory of equipartition of energy, є = kT 
so that on substitution in equation (1.29) and (1.30) we obtain, 
2 
Bin ra E E, EX (1.31) 
According to equation (1.31), E, should rapidly decrease with A. 
This can be true only for the long wavelength region (sce Fig. 
1.6). The experimental results for the short wavelength region 
cannot be accounted for by equation (1.31). Thus the theory 
could not explain the results for the entire region of the thermal 
spectrum. And hence we conclude that the two theories alone 
cannot explain the black body thermal spectra. 
In the year 1900 Planck showed that the correct form of the 
temperature radiation law, could be obtained on the basis of 
quantum hypothesis proposed by Planck. He accepted the equa- 


tion E, — x є given by classical electrodynamics but dispensed 


with the expression < КТ from the kinetic theory for the average 
energy of the oscillator. Instead he used equation (1.8) 
Combining equation (1.30) and (1.8) he obtained, 


2a hc? 


A А5 (етот 1) 

= 2z.hc? 

С йз (eikr—1) (1.32) 
ее» is found to be in agreement with the black body 
pothesis. S Which give a strong support to ће quantum hy- : 


E, 


Anot H 
other set of Phenomena which could satisfactorily be ex- 


15 


plained by quantum hypothesis are the photoelectric and Comp- 
ton effects. 


1.3 Photoelectric Effect 


When the negatively charged surface of a metallike Zinc or so- 
dium is illuminated by light of short wavelength electrons are 
emitted. The effect is called a photoelectric effect. 

A schematic diagram of the working of a photo cell is given in 
Fig. 1.5 


Fig. 1.5. Schematic set-up for photoelectric effect. 
w = wire 
k = receiver coated with a thin film of k or other 
metal in a highly evacuated tube 
G — galvanometer or electrometer 


The high vacuum of the tube serves as a complete insulator be- 
tween w and k but when the receiver is exposed to light from the 
source s, electrons are ejected from the receiver and attracted to 
the positively charged wire, thus completing the circuit. The cur- 
rent registered by the galvanometer is directly proportional to 
the number, of electrons ejected per second, and this, in turn is 
proportional to the number of photons striking the receiver, i.e. 
to the intensity of the light. 

An external potential V can be applied to arrest the flow ofthe 
electrons. Under these conditions, 


imw-—eV 
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or 
v = (2 Velm)? 
The voltage V required to suppress the photoelectric current in- 


creases with frequency v of the radiation. Typical results for a 
metal surface are plotted in Fig. 1.6 


V (volts) ——> 


> (sec!) —» 


Fig. 1.6. Plot of voltage V required to suppress photo 
electric emission against frequency of light falling on 
Caesium surface. 


The experimental results on photoelectric effect lead to the fol- 
lowing conclusions: 

1) Electrons are emitted only when the frequency of the inci- 
dent light has a value greater than a certain minimum value vo. 
This value is characteristic of the metal used. 

2) The strength of the photoelectric current (number of elect- 
rons emitted per second) is directly proportional to the intensity 
of light. 

3) The square of the velocity v of the emitted electrons varies 
with the frequency v. This is, however, independent of the inten- 
sity of the incident light. 

These experimental results do not agree with the classical elec- 
tromagnetic theory of radiation according to which the velocity 
of the emitted electrons should depend on the light intensity and 
not on its frequency. 

The above experimental observations can be explained on the 
basis of quantum hypothesis as follows. 

4 When a photon (frequency v) strikes the metal, a part of energy 
is taken up by the electron to escape from the metal surface. The 


balance of energy appears as kinetic energy (mv?/2) of the elect- 
ron so that, 
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Shwe 22 (1.33) 


where vo is the threshold frequency and W, the work function of 
the metal, is a measure of energy of escape of the electron from 
the metal surface. 
From equation (1.33) we have 
‚ _ 2hv_ 2hvo 
Шш ы 
т т 


(1.34) 


which shows that V? is directly proportional to v. Thus the velo- 
city with which the electron leaves the surface would be inde- 
pendent of the number of photons per second and would also be 
independent of the intensity of light to which the surface is 
exposed. 

From equation (1.33), it is obvious that 

a) when у = vo we have v = 0 so that electrons do not move. 

b) when у > vo we get positive v so that electrons would begin 
to move. 

c) when у < vo we get negative v so that no electrons are 
emitted. 

When we apply a potential V in a direction opposite to move- 
ments of electrons, we have 

eV = h— hv = 1 m? (1.35) 


Results plotted in Fig. 1.8 are governed by equation (1.35). It is 
clear that the slope of the curve would be equal to ///e. From 
Fig. 1.8, this is found to be 4.0x 10715 V. sec. 

From this we get Planck’s constant to be equal to 4.0 x 10-5 eV 
sec or 6.57 x 1077 erg sec. 


1.4 Compton Effect 


Compton (1923) observed that when X-rays fall on a crystal, they 
are scattered. The experimental results show that, 

1) The scattered X-rays have a lower frequency v’ than that of 
incident rays v. 

2) The frequency difference (v— v^) increases with scattering 
angle « which is defined in Fig. 1.7 
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Incident photon 


Momentum 
hv [c 


Fig. 1.7. Scattering of X photons by electrons. 


The energy and momentum of photon and electron before and 
after collision are summarised in Table 1.5. 


Table 1.5. Energy and momentum of the photon and electron 
during collision 


X photon Electron 
гый епегру hy 
momentum along hyle 0 
Before collision X-axis 
momentum along 0: 0 
Y-axis 
( energy hy’ 1 ту 


momentum along Av 
ү» { — cos 0 m у cos 
After collision X-axis c s 


, 
momentum alog Av sin 8 mysiné 
Y-axis e 


The phenomena can be explained on the basis that the pho- 


tons have mass and the momentum is conserved on collision with 
electrons. 


We have from Einstein's equation E = mc? and from Planck's 
hypothesis we have, E — hv. Combining these results we get 


mc = 2 (1.36) 


Since energy is conserved 
hy = hv! + 3 т? 


Further since momentum is also conserved we have along X-axis 
(see Fig. 1.7) 


a = = cos @ + mv cos ф (1.37) 


Similarily, along Y-axis we have 


aa sin 0 = mv sin à (1.38) 


Using the condition sin? ¢ + cos?  — 1 and on eliminating 4 
between equations (1.37) and (1.38), we get 


2hy sin 6 
c 


то = 2 


and 


Жү тер ёш Э Деде 8) (1.39) 
mc? 
By measuring the frequency of scattered X-radiation at. different 
scattering angles 0, the value of Planck's constant h can be ob- 
tained from the scattering data. This value is in excellent agree- 
ment with values previously obtained from the photoelectric effect 
and black body radiation. 
Thus we have examined following independent phenomena: 
i) specific heats of solids, 

ii) hydrogen spectra and critical potentials, 

iii) thermal spectrum of a black body, 

iv) photoelectric effect, and 

v) Compton effect. 

In each case, we find that the results cannot be explained on 
the basis of classical mechanics or thermodynamics using the 
concept of continuous character of energy. On the other hand 
theories based on quantum hypothesis are in very good agree- 
ment with experimental data confirming the foundations of quan- 
tum hypothesis. 


CHAPTER 2 


Dual Character of Electron and 
Uncertainty Principle 


In Chapter 1 we have seen how the basis of quantum hypothesis 
was developed. Based on this concept of quantisation of energy, 
Bohr's theory gives a qualitative explanation of the lines in the 
hydrogen spectrum and predicts the frequencies of the lines cor- 
rectly. It gave a picture of atom which was accepted for quite 
sometime. The theory assumes that electron is a particle and it 
moves in a. definite orbit with a. definite velocity. We shall see 
below that the position and velocity of electrons cannot be de- 
fined simultaneously with precision and thus the idea of orbiting 
electron is not correct. In reality electron possesses both the pro- 
perties of wave as well as that of a particle. This is called dual 
character. 


2.1 Dual Nature of Electron 


In 1924 de Broglie suggested that particles might also have wave 
properties. Electrons of mass mand velocity v have a wavelength 
À which is given by, 

h 


mo 


(2.1) 


which is obtained by combining quantum hypothesis i.e. E = Лу 
with the Einstein’s equation E = mc?. 


By substitution of appropriate values in equation (2.1) we can 
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calculate the wavelength of the objects with a mass of 1 gm or 
greater. The magnitude of the wavelength is found to be very 
small. Equation (2.1) is the fundamental equation of de Broglie's 
theory. It gives the wavelength of the hypothetical matter waves 
associated with material particles. If an electron is being accele- 
rated by a field of V volts, its wavelength is given by 


k .300 = = po. 107? cm 


A= 
42m Ve Ve K 


Wavelengths of various objects moving with different speeds 
can be calculated using de Broglie's equation. Some of the results 
are given in Table 2.1. 


Table 2.1. Wavelengths of various objects 


Particle Mass (kg) Speed (m-:s^) Wavelength m 
1-V electron 9.1x10-?! 5.9 x 10° 1.2х10-° 
10000-V electron 9.1х10-! 5.910? 1.2x1075 
Rifle bullet 1.9х10-° 3.2x10? 1.1 x107?* 
Golf ball 4.5 х10-° 3х10 4.9х10-2* 
Snail 1.0x107? 1x 10-* 6.6 x 10-2 


The wave nature of electrons was proved by an ingeneous 
experiment. G.P. Thomson passed an electron beam using an 
accelerating potential of 2,0000 to 5,0000 volts, through a very 
thin film of about 1076 cm thickness of metal and then allowed it 
to fall on a photographic plate. As shown in Fig. 2.1 series of 
concentric rings round a central spot were formed on a plate. This 
showed that electron beams are diffracted similar to light beams. 


2.2 Heisenberg’s Uncertainty Principle 


The uncertainty principle states that the simultaneous precise de- 
termination of position and momentum is not possible. Mathe- 
matically, according to this principle, 


а ауаз 0% Ару: Ду > ah 


жасы ез 


+ © ао 
ч Y, dv would be of th -23 ich 3 
na, of е order of 10-23 cm/sec which is too 
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Fig. 2.1. Diffraction pattern obtained on transmission 
through a polycrystalline gold film. 


where 4p, is the uncertainty in momentum along X-axis, 4x is 
the uncertainty in position along X-axis and Л is the Planck con- 
stant Ap, and 4р: are defined in a similar way. In the above re- 
lation a is a numerical factor of the order unity. Frequently, it is 
put equal to 3. For the following discussion we shall assume that 
a is unity in order to simplify matters. 

We would now try to explain what we mean by uncertainty. 
If we are measuring the distance froma fixed point A with a scale 
whose least count is + 0.1 cm, then the uncertainty in our measu- 
rement would be 4- 0.2 cm. In other words if we say that the dis- 
tance is just 10 + 0.2 cm., it would mean that the distance is either 
9.8 cm or 10.2 cm. 

Equation (2.2) can be transformed as follows: 


rap. E Q.3) 
m 
Thus if mm = 1073 gm, 
До. Дх ~ 10-24 cm? вес”! (2.4) 
zNow if Ax is known exactly say Ax = 10-! cm., uncertainty in 


tg@umeasure. Thus for a particle of mass of the order of 


re 
P ecisely. However, when m = 10-27 gm. Heisenberg's uncer- 


ri 10:5: gm both the position and velocityean®be specified& svs 
adi , 
BS жоні 
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Ах: Av = 1 cm? sec! (2.5) 
which indicates that if there is an uncertainty of + 1 cm in the 
position of the particle, there would be an uncertainty of + 1 
cm/sec in the velocity and vice versa. Thus, for very small 
particles like electrons both the position and velocity cannot be > 
ascertained precisely (See Table 1.3). Using the uncertainty princi- 
ple, values of 4» have been calculated for definite values of m and 
for definite values of uncertainty in position. These values are re- 
corded in Table 2.2. The table shows that if we define the posi- 
tion of a big particle having a large mass precisely, we can define 
its velocity also with great precision. However, if we are dealing 
with a particle like electron, the uncertainty in either position or 
velocity can be considerable. 


Table 2.2. Values of uncertainty in velocity for definite mass and 
uncertainty in position ( = 6.62 x 10-* erg. sec; а = 1) 


Mass m Uncertainty in position Uncertainty in velocity 
gm q, cm у, Ст sec™! 
TNE EE E EAA P AE 27, 27 ee cse Р crees " 
10* +1 6х10- 2 
1.0 + 0.001 10-M 
1g Е 1075 1057 
10-*4 + 10-*% 10° 
107* + 1075 10* 


Following points deserve attention in connection with equation 
(2.2): 

1) Minimum uncertainty exists whenever one tries to obtain 
precise values of canonical conjugates, such as position and mo- 
mentum of a system at the same instant of time. 

2) The uncertainty principle does not hold between variables 
which are not canonical conjugates. Thus, momentum of a par- 
ticle in the Y-direction and its position in the X-direction can be 
obtained with any degree of accuracy at the same instant of time. 

3) Any one of the values corresponding to these variable can 
be obtained at any time to a given degree of accuracy but at thef/@* 
same time accuracy in the determination of other variables would æ 
be affected according to equation Q.2). | x 

For illustrating uncertainty principle we describe the famou 


«thought experiment which was suggested by Heisenberg. We 


елмай. V.D. маала» 
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try to imagine an experiment which would permit the measure- 
ment of the simultaneous values of the momentum and position 
of a particle. For this purpose, we consider the schematic set-up 
shown in Fig. 2.2. In order to measure the position of the parti- 
cle with precision we need a microscope. In order that the particle 
may be visible in the microscope at least one photon must be 
scattered by the particle into the microscope's eye-piece. The 
light can then be focussed and the position of the particle can be 
determined. Let us consider the determination of the position of 
a free particle (electron) by a microscope. Let us consider the 
movement of the particle in the direction of x. At any instantlet 
the particle P subtend an angle « at the lens. If 4x is the uncer- 
tainty in the position of P and A is the wavelength of the light 
illuminating it, then 
л 


km sin « ep 


according to laws of optics governing the resolving 
power of any instrument. 

Now, in order to observe the particle, at least 
one photon must be scattered from the electron so 
that it passes through the microscope to the eye of 
the observer. When the photon strikes the elec- 


a tron, it receives a compton recoil (see Chapter 1) 
P of order of magnitude /;/A. The photon is scattered 
x within the bundle of rays entering the microscope. 


Fig.22. A thou- Hence, the direction of photon cannot be deter- 
ght experiment, mined and hence the recoil of the electron cannot 

be exactly known. If uncertainty of momentum 
* 15 2р, along the x-direction 


арун А яа (2.7) 


On combining equations (2.6) and (2.7) we get, 


Ax: Ap. ~ h (2.8) 
Equation (2.8) can be rearranged as follows: 


т До, Ах = (то, До, ae 


d (2.9) 


AE-At Zh 


whem, 2 2 (2.10) 


18 е дә 
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where AE = тох dvx = change in kinetic energy 
Ax 
and Uo e 
Thus, Heisenberg’s uncertainty principle states quantitatively 
the minimum uncertainties encountered when we measure quan- 
tities such as position and velocity or energy and time experi- 


mentally. 


CHAPTER 3 


Basis of Wave Mechanics and 
Schrodinger Equation 


It has been pointed out in the preceding chapter that electron has 
wave properties and the wavelength of an electron can be calcu- 
lated by de Broglie's relation. Further, according to the uncer- 
tainty principle, both the position and velocity of an electron 
cannot be specified simultaneously. Hence, the idea of an electron 
moving in an atom in a fixed orbit around the nucleus as postu- 
lated by Bohr's theory is not correct. In order to have a more 
realistic concept we have to consider the dual character of an 
electron both as a wave and particle and we have to describe its 
movement around the nucleus by a different type of mechanics 
called wave mechanics. In chapters 3 and 4, it is proposed to 
develop the basic methodology of wave mechanics. Before we 


discuss the subject in greater detail, we shall first discuss the wave 
equation. 


3.1 Schrédinger Wave Equation 


We consider a wave train moving along the X-axis with time /, y, 
à and у are respectively the amplitude, wavelength and the fre- 
quency of the wave as indicated in Fig. 3.1. 

The wave trainat t — 0 ог any integral multiple of the period of 


Vibration has zero amplitude. The amplitude at time г along the 
direction x is given by 


= Asin 27 (5 -м) 


27 


or =A sin 27 (x— ct) (3.1) 


where 
c= và 


Differentiating equation (3. ah twice with respect to x we get 


Py | 
Ta tyr 0 (322) 


à —_—\— 


Fig. 3.1. Wave propagation along axis of x. 


Equation (3.2) is the characteristic equation for all types of waves 
including matter waves. 

Since, total energy E of the system is the sum of the kinetic 
energy of the electron of mass m with a velocity v and potential 
energy V, we have 

E=}tmes+v (3.3) 


where V would depend on the position coordinates of this 
electron. 

From de Broglie’s relation which is the generalised form of 
equation (1.36) for matter waves, momentum = //А, 


А c h? 
ie. m? = y (3.4) 


Using equations (3.3) and (3.4) we have, 


h? 
a M mx 
or 
1 2m(E-V 
з= е (3.5) 
Putting the value of 1/3? in equation (3.2), we get 
e uy 802m р. Aci - 
$t Ny 


This is the wave equation forthe particle moving along X-axis. 
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But when the particle is moving in a three-dimensional space, 
the equation takes the following form, 


Quy, Oy Ey , 822m 


mu cw tem crue WE 
or 
3 
P2% + дыш (E-V)9 =0 (3.7) 
where 
Bi 102 uU ү une. 
poem on ду? + 22 


and is called а Laplacian operator.* 

The above equation is known as Schrédinger wave equation. It 
shows how v depends on the position co-ordinates, of the elect- 
ron in a system of fixed E and V. 

In polar co-ordinates (r, 0, $), the Laplacian operation p? is 
represented by 


кй cult led LU ENL Ше 
=ш (у) + тышэ pal sine sy) ' r?sin28 дф? 
(3.8) 


The Schrödinger equation is also written in an operator form in 
the following manner, 


(ar +У)#= Ey (3.9) 
or 


Ну =Е (3.10) 


where Н = ( - р X 2 is called the Quantum-mechani- 


cal Hamiltonian operator. у and Е are called the eigen-function 


and eigen value respectively. The state of the system described 
by ¥ is called an eigen state. 


The solution of Schródinger equation yields the values of (i) 


E for the system, and (ii) f; or Vos»: at various points and 
hence the probability of finding the electrons. 


*An operator signifies a mathematical operation. Thus in мх the sym- 
bol, square rootis an operator and 


ol, gives the result of operation on x. 
Similarly d/dx and аах? are operato; 


TS. 
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When time is also a variable, E in equation (3.10) is replaced by 


я r h 8 
differential operator, — ary at so that 
us арад 
Враг + (3.11) 


Equation (3.11) is called the time-dependent Schródinger 
equation. 

There are three ways of introducing the wave equation at ele- 
mentary level. 

i) The equation may be presented without giving proof. 

ii) One may start with the discussion of Physics and Mathe- 
matics of wave motion along with the discussions of the differen- 
tial equation, 

1 2u 
р?и = Gm 
and its most general solution where c is a constant having dimen- 
sions of velocity, t is the time and и is a characteristic entity. u is 
a mechanical displacement in the case of transverse vibration of 
a stretched string. In case of the particle wave и = yy. However, 
it is difficult to give any physical interpretation of the quantity 
V for electron waves except that 2 is a measure of electron 
density. 

iii) A postulatory approach may be used for introducing the 
basic idea of quantum mechanics as outlined by Kauzman and 
Hanna. The Schródinger equation follows logically on the basis 
of these postulates. 

While the last approach is mathematically rigorous and logi- 
cally reasonable as compared to the second one, it is a little diffi- 
cult for the beginners to appreciate or comprehend the postula- 
tory approach. The development of rigorous approach is certainly 
desirable at an advanced level. 


3.2 Significance of J-function 


2 js called the probability distribution function only if у isa 
single-valued function. In general the square of modulus of ẹ is 
the probability density whereas 2 dr is the probability of finding 
the particle in the volume element dr which is equal to dx dy dz 
in the cartesian co-ordinates. The probability density is expressed 
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as  4* where * is the complex conjugate of у. J * is always 
real and non-negative, thus justifying its relation to probability. 
This can be understood in the following manner. Letz = x + iy 
where z is a complex number and x and yare real numbers. Then 
z* = x— iy and zz* = x? + y? is a real non-negative number. 

In order to have a physical concept of ү and ү? we may 
imagine as follows. Let us consider a system containing a nucleus 
and an electron. Let us suppose that at a particular moment we 
were able to determine exactly where the electron existed. Let us 
represent the position by a dot in space of three-dimension. We 
put similar dots for various positions of electrons as the electron 


moves in space. After a certain period, we shall obtain a distribu- 
tion of dots as shown in Fig. 3.2. 


Fig. 3.2. Electron cloud. 


Figure 3.2 gives the impression of an electron cloud around the 
nucleus. The cloud would be dense in the regions where the num- 
ber of dots are more i.e. where the probability of finding the 
electron is more. Thus the density of the charge cloud isa mea- 
sure of probability 2 dz of finding the electron in the volume 
element dr. The probability density is defined as follows 


Probability 


Probability density — Volume 


EE (3.12) 


In view of the above relationship between 2 and probability 
density, #-function must satisfy the following conditions: 
i) it must be single-valued, 


ii) it must be finite and continuous, and 
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iii) The first space and time derivative of the J-function must 
also be continuous. 

These limitations can be easily conceived since probability must 
be finite and it cannot have two values at the same point. 

In addition to the above, there are other important properties 
of the wave functions which are discussed below: 

1) Since the total probability over all available space must be 


unity. 
[iia [orae = 1 (3.13) 


Equation (3.13) is known as the normalisation condition. 

2) If an electron can exist in two different quantum states cor- 
responding to the wave function 4") and (2), it can be shown 
that 


[ VD dr = 0 (3.14) 


This equation is called the orthogonality theorem, which can 
be derived in the following way: 

The wave equation for the two quantum states a and b can be 
written as follows, 


7? pa + PT (EV) the = 0 (315) 
872 m 
P? bo + ga (5-0) bs = 0 (3.16) 


where we have dropped the superscripts (1) and (2). 
Multiplying Eq. (3.15) by уь and (3.16) by V, integrating over 
the whole space and then taking the difference, we get 


872 т 


| (% p2 аеро po) dr а (Е, Б) | ga ds de 
(3.17) 


In the first instance we consider the integration over x from — oo 
to co. Integrating the left hand side by parts we have 
F e д? д 
(oet гут to) de (nu 


—оо 
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со 


m i (= ‚дфа _ дфа дЧфь ) dx 


ox Ox Ox ôx 


=% 


6 
Wee vo) 


—со 


(3.18) 


The integral on the right is obviously zero. The first term on the 
right hand side has to be evaluated for infinite distance within 
limit from — оо to + co, but here the wave-function must vanish. 
This is indeed the boundary condition which we have to impose 
on all wave functions. The integral of left hand side of equation 
(3.18) therefore vanishes when the L.H.S. of equation (3.17) is 
integrated over x from + oo to — co. 

Hence the left hand side of equation (3.17) vanishes and we, 
always have 


(E,— Ез) |eetem 0 (3.19) 


If now a and b are states with two different energies the integral 
of equation (3.19) must vanish, which proves equation (3.14). 
The above relation need not necessarily hold when ya and Wp 
are two different wave-functions belonging to the same energy. 
3) The average energy E is related to wave-function in the 
following manner, 
* Hj dr 
E= | лы (3.20). 
[woe 


where Н is Hamiltonian operator. 


3.3 Solution of the Wave Equation 


Solution of Schródinger equation can be easily guessed since 1015 
a linear differential equation. Thus, 

a) If 4 is a solution of the wave equation, ср would also bea 
solution where c is an arbitrary constant. " 

b) If V, and yz are the two solutions of the wave equation 
then cı %1 + c2 %2 would also bea solution of the wave-equation 
where C; and C; are constants. Case (b) is utilized in construct- 
ing hybrid orbitals by combining wave-functions. 

If there are two wave function К}! and J£? for two electrons 
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1 and 2 in a molecule having similar energies, then we can get 
molecular wave-function ў as follows, 


V = ани? + ant? (3.21) 


where a; and аз are constants. Equation (3.21) has been utilised 
in constructing molecular orbitals from atomic orbitals. The 
procedure is called linear combination of atomic orbitals which 
is abbreviated as L.C.A.O. For constructing molecular orbitals, 
following requirements have to be satisfied (i) #4 апа y$? must 
be orbitals of similar energies. (ii) The A.O.’s must have the same 
symmetry with respect to intermolecular axis. 
We can also have another solution үг such that 


йз wo up (3.22) 


based on the fact that the composite probability would be product 
of individual probabilities. о would be a solution of the wave 
equation for two electrons with no interaction between them. 

If фу and 42 are the normalised wave functions of the two 
electrons 1 and 2 then molecular orbitals can be written as 
follows 


yt = c hi + c do (3.23) 
47 = сф 0 d» (3.24) 
The values of the coefficients cı and сз can be determined by 


We can use postulatory approach straightway to develop wave machanics. 
The basic postulates can be stated as follows: 

I) The physical state of a particle at time г is described by a complex wave 
function ¢ (x, t). 


II) The wave function ЇР (x, г) and its first and second derivatives SERT 
x 

азр Qn, t) 
ax? 


in view of relationship of the wave function with the probability amplitude. 
III) The average or expectation value <Р) of any observable F, which cor- 


> 


must be continuous, finite and single valued for all values of x 


responds to an operator Fis calculated from the formula 


<F> = | u* Êy dx 


It is assumed that the wave function is normalised. 
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using (i) normalisation condition, and (ii) orthogonality theorem. 
This is done below. 


Applying the normalisation condition for y *, we have 


fyt yt de = f Corgi + з 2) (ав + о) dr 
= [ehiaspdrt [оов dr 


^ 
+ [Gir eg) de + | софа bi dr 

` (3.25) 

Using the normalisation condition and the orthogonality theorem 


we get, 
[а ddr 0+0=1 (3.25) 
Hence 
lei? + [ea]? = 1 (3.26) 
The orthogonality theorem yields, 


[7 vide = | (с gi + eda (cr 9—29) = 0 


(3.27) 
On solving we have, 
е1—сў = 0 (3.28) 
From equations (3.26) and (3.28) it follows that 
1 
с=с = m X43 (3.29) 


3.4 Approximate Solutions of Schródinger Equation 


Accurate solution of Schródinger equation has only been obtain- 
ed for a one-electron system as we shall see in the next chapter. 
The chemical species of interest are many electron system for 
which Schrédinger equation defies an exact solution. Hence ap- 


proximation methods have been developed which are discussed 
below: 


1) VARIATION METHOD 
From the chemist's viewpoint, the evaluation of E is more 
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important. Equation (3.20) can be used for this purpose, but the 
major difficulty is in choosing the appropriate function. How- 
ever, one can use any trial function, the calculated energy E > Eo 
where Eo is the true value. We may note that Ep is the minimum 
obtainable value. For any trial function used we may obtain a 
minimum value, Emin by adjusting the constant in the wave func- 
tion. The values of Emin would naturally depend on the choice 
of the trial function у. For any choice of у, Emin > Eo and 
Emin = Eo only if the trial function V is identical with the true 
wave function for the system. Let us suppose that у = Е cr d 
kel 


where ф are the atomic orbitals and c; are the coefficients. The 


condition for minima i.e. E =0...(k = L...K) would yield 
k 

relations which can be used for choosing the wave function which 

would give a minimum value of E. These conditions give a set 

of equations on solving which E is obtained. The method is illu- 

strated in Chapters 5, 7 and 10. 


2) PERTURBATION METHOD 
When there:is no perturbation, the wave function of an atom 
would be represented by 


Н°у = E? (3.30) 
where H? is the unperturbed Hamiltonian and E? is the corres- 
ponding unperturbed eigenvalue. In an electric or magnetic field, 


the Hamiltonian would be perturbed and effective Hamiltonian 
H would be given by 


H—H?- H' (3.31) 


where H' is the perturbation in the Hamiltonian operator. The 
corresponding eigenvalues would then be given by 


Е = Е° E' (3.32) 
These can be evaluated by using equation (3.20) i.e. 
fu Ну dr 
Е -——————— 
[ive 


where 4° is the wave function of the unperturbed state. Substi- 
tuting H from equation (3.31) 


36 
{ фе“ (Но + H^)d dr 
E = 
| "IT 
[ену а y | oR pdr 
Гена |ва 
Тл above equation first term would be equal to the energy of 


unperturbed state, Eo and the second term would be equal to the 
energy of the perturbed state E'. So that 


[seme 
NC 


Energy for He atom has been evaluated by first considering 
the one-electron system with the nuclear charge + 2 and then 
taking into account the perturbation by the second electron. The 
method is useful for the study of London dispersion forces and 
charge transfer forces. The third order and fourth order pertur- 
bation theory has been used for estimating the first hyperpolaris- 
ability and second hyperpolarisability of the molecules. The 
approach is useful for the interpretation of Stark and Zeeman 
effects. 


(3.33) 


D 


(3.34) 


CHAPTER 4 


Wave Mlechanics of Free Electrons 


4.1 Free Particle in a Box 


Quantum hypothesis discussed in Chapter 1 and the Schródinger 
wave equation described in Chapter 3 may appear in the first 
instance to be unrelated. In this chapter we consider a system in 
which electron is free to move within rigid boundaries. We shall 
see that the solution of the Schródinger equation for the case 
yields certain permissible values of energies similar to that pres- 
cribed by the quantum hypothesis. Further we shall see for this 
case that the wave function must be finite, continuous and single- 
valued. 

We consider a particle confined to move within a rectangular 
box as shown in Fig. 4.1 We take 0 as the origin and the three 
mutually perpendicular edges as x, y and z axes. Such a restric- 
tion means that beyond the sides of the box potential energy 
V — co whereas inside the box V — 0. The potential energy 
diagram is shown in Fig. 4.2. Let us represent the wave function 
of the particle moving along the axis x by y (x), then the Schró- 
dinger wave equation can be written as 


ey , 8т2т p T: 
wa и о ae в) 
Since V = 0, equation (4.1) reduce to 


ay , 8т?т 
Ө? nm 


Еф —0 
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1, | 
ү 4 у 
о =, 
Fig. 4.1. Rectangular box. Fig. 4.2. Lincar potential box. 
which can be written as, 
ey 2 
UE xta = 0 4.2 
xe t 4 (4.2) 
where 
852 m E 
d 4.3 
y h? e 


The solution of equation (4.2) would be ofthe form 
ja = C etike + Des 
where C and 2 are constants. 
Since the electron cannot be found beyond x = 0 and x = 1, we 
must have Ji = 9 and фи) = 0. 


Therefore, 
C+D=0 (4.5) 
and 
C eit! + ре“ = 0 (4.6) 
Combining equations (4.5) and (4.6) we get 
gil — gil = 0 (4.7) 
Since 
í gil — етік 
sin kl = = 


Therefore, on account of equation (4.7), sin КЇ = 0 
Hence, 


Ja Е (4.8) 
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So that 

# б) = A sin (4.9) 
where =, 
апа "e = 1, 2, 33:0 


The solution shows that mathematically the problem under 
consideration is identical with that of vibrating spring fixed at 
both ends. We can determine the value of Aas follows. When у 
is normalised, 


f 
2 

or | 42 {sin (F) dx —1 
0 

1 2 9 

Hy TX 2 

ог [{1-ео( 7 )e-5 

0 


2 
2= 
or A 1 


(4.10) 


m. 
y 
T Eu 
~n 
— 
N 


Thus, the complete solution of equation (4.1) yields 


boy = (+) sin (==) (4.11) 


We shall now discuss a few results which follow from the above 
treatment. Combining equations (4.3) and (4.8) we get 


2 h2 
nih 


n = ER (4.12) 


which shows that the energy of the particle can have only definite 
sets of values, thereby confirming that energy is quantised. 

Equation (4.12) can also be obtained by using equations (4.9) 
and (3.20). 
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Using equation (4.11) for plotting у (x) as a function of x for 
nx == 1, ny = 2, пу == 3, we get theset of curves shown in Fig. 4.3. 

Itis obvious that there are regions inside the box where the pro- 
bability of findingtheelectron can bezero. Such regions are called 
nodes while antinodes are the regions where the probability is 
maximum. We can conveniently demonstrate the existence of 
nodes by plotting |% |? asa function of x noting that 


Ul : i 2 sc» ЛЕХ 
Probability density |yuy|? = (—-) sine ) (4.13) 


1 
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Fig. 4.3. Wave function y(x) for Fig. 4.4. у(х) as a function of x 
free particle in a box for various for different values of nx. 
values of n. 


From Fig. 4.4, it is obvious that as л increases, the number of 
nodes and antinodes for 4? (x) also increase. 


4.2 Particle in à Rectangular Three-dimensional Box 


For a particle in a three-dimensional box of length /,, ly, l 
the wave function will be a function of all the three space-coordi- 
nates. Further, 


V=0 for 0<x< lg O< p< 0<2 <b 


where Zx, ly, l- are the sides of the walls. 


— 


4l 


The Schródinger equation for the particle inside the box is given 
by 
(EL m 


Ey —0 (4.14) 


eu 
Ox? +5 A 
Since y is a function P y, z and since the solution of the above 
equation has to be valid for (i) x = 0, y = 0, (ii) y = 0, z = 0, 
and (iii) x = 0, z = 0, it is appropriate to put where fy, fy, f. 
are sine or exponential functions. In the above f. is a function 
of x alone, f, is a function of y alone and f: isa function ofz 
alone. 

Therefore, 


OW us o. fx 
Ea = fre сода (4.15) 
Oy pp EL 4.16 
ep ai dies 
E ху 22 


Hence equation (4.14) can be written as 


fefe ef, TE y Zh rp OE +" Ph p. pigeon Жр 


Ox? ду? 
(4.18) 
Dividing throughout by 
um Sp. ИА 
we have 
es, 1 PF еМ 
P ox ' fy a f o2 3 Er 09) 


We put the total energy E as the sum of three energies along x, 
у, т axes i.e. 
Е = Е. Е, E, (4.20) 


Now we can write, 


RU RES (4.21) 
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The second order differential equation (4.21) is similar to equa- 
tion (4.2). Hence the solution of equation (4.21) can be written as 


h= "ES sin (==) (4.22) 
and 
е n? h? 
= mB 


We would obtain similar solutions for f, and f; so that 


E (total energy) = Е, + E, + E. (4.24) 
ie. 
h2 | п? п? п? | 
Bapo- p ct 4.25) 
8m 12 : IH 3 IE ( 
and 


8 В ‚т. ү 
Posy = mm sin 2 гы * sin тту sin uM (4.26) 
> as e » E 


Following inferences follow from equation (4.25) 
i) If the mass of the particle is smaller, the value of E is greater. 
ii) Smaller the box, greater the value of E. 
Equation (4.25) also shows how degeneracy arises. Number of 
equivalent energy states is equal to degeneracy factor. Some of 
the degenerate energy levels are given іп Table 4.1 and illustrated 
in Fig. 4.5. 
From Table 4.1 it is clear that the lowest value of energy 
3n? 
8ml? 
to unity. We thus find that 3 h?/8 ml? is the zero-point energy. 
We shall now consider the case of a free particle moving in a 
ring. 


since minimum value of nx, ny, and п, can only be equal 


4.3 Particle in a Ring 


Let a particle of mass m be restricted to move on the circumfer- 
ence of a circle of radius r, on which the potential energy is zero. 
The angular coordinate ¢ can vary from 0 to 360°. On transform- 
ing the coordinates of Schrédinger equation (3.7) to polar 
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Table 4.1. Degenerate energy levels for a particle in a box 
(21-7171) 


Hy ny Nz Energy Remarks 

ES zr 1 Е ce БЕ m $ Single state pe 
2 1 qn f Three degenerate state 
1 2 1 6h? /8ml? 
1 1 2 Kk 
2 2 A qd 
2 1 2 9h*/8ml? » m » 
1 2 2. È 
3 t > ЫА y 
1 3 1 11h? /8ml? » » » 
1 1 Bel 
2 2 2 12/?]8ml* Single state 

| 12 222 
311 131 113 


(x. y) 
(S) or (г, 4) 


Ok-z---- © 


Zero potential energy 


Fig. 4.5. Degenerate enery levels d Fig. 4.6. Coordinates of a 
in a cube of length 7. particle in a ring. 


coordinates for the case, is as follows: 


1 ou 872m E T 
ағ + E (E- И) у —0 (4.26) 
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since 
x = r cos ф; y = r sin ġ 
r = (x? + y2)? and tang = 2 
апа 
P ар L0 1 оф. 1 ды 1 p 
oxi ду? Or? “к ор ^P a P ag? 
(4.27) 


The potential energy around the circular path is zero so that, 
equation (4.26) can be written as 


Еф —0 (4.28) 


One can guess immediately two solutions of equation (4.28) as 
follows: 


W = №, sin Мф (4.29) 


V^ = N,:cos Мф (4.30) 
where 
872mr? 
2 ШЫ. 
M h2 
and N,, is the normalisation constant. Since $ must have the same 
value for each increment of 2z, M must be an integer (positive, 
negative or zero). The energy levels are given by, 
М2 h2 М2 h? 


= М = 0,1,2, (4.31) 


Ey = = = 
M 82 2 ~ тр" 


where / the moment of inertia, is equal to mr2. This result may 
be compared with that obtained for particle ina box. The two 
differ in one important respect. In this case M can have any value 
zero as well as 1, 2, 3 etc. When M is not equal to zero, there 
are two solutions for each value of M corresponding to equations 
(4.29) and (4.30).- Such states are doubly degenerate. For M = 0 
there is only one solution corresponding to equation (4.29), since 
sin 0 = 0, and the solution of equation (4.29) yields, 


Jo — No, where No is constant. 


27 
Further since Í № d $ = 1 on account of normalisation condi- 
0 
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tion we will have No = 1/42. Likewise №, N2 etc. would be 
given by 

2T 27 NE 

м | sin? Мф dá = fee (1-cos2 Мф) dá — 1 (4.32) 

0 0 

so that 
1 

EPI 
We can have another solution of equation (4.28) which is essen- 
tially a combination of solutions VANS and (4.30) so that, 


N = № = № = (4.33) 


у = а. т= sin Мф + b. —— cos Мф (4.34) 


It can be shown that a and b would be н by 
а = cos o; b = sin o 


where « is a constant. 
Equation (4.28) can also be written as 


== sin (МФ + о) (4.35) 


Sometimes, it is convenient to choose the following complex or- 
thogonal combination as the solution of the equation (4.28) 
ps = А (cos тф + i sin mp) = Aetiné (4.36) 
V. = A (cos тф— i sin m$) = Ае!" (4.37) 
where A and m are constants. 
The above solutions are orthogonal since, 


27 2m 
[» y. dh = | А2 e72ims а 
о 0 
27 
= | (cos 2тф—15їп 2m 4) аф =0 (4.38) 
0 
Further, since on account of normalisation condition, 


2m 


| v- = ef dj = A2Qn)=1 (439) 
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we have 
A = IN m 
The case of free particle in a ring is of interest in quantum che- 


mistry of benzene since in the case of benzene, the electron can 
be assumed to move in a circle of radius 0.14 x 1077 cm. 


4.4 Particle on the Surface of a Sphere 


Now, for a particle restricted to move on the surface ofa sphere 


of radius r, the Schródinger equation in term of 0 and ф is given 
by 


A. д2 cos8 ду , l1 дф 872 т Ер 0 
r2? 80? r?sin@ 00 ' 12 5іп20 оф? procu 


(4.40) 


Fig. 4.7. Co-ordinates of free particle on a sphere. 
x = rsin 0 cos ó; y = r sin sin $; z = r cos 0. 


We assume that the wave function y can be written as follows, 


# = fa (O) f (4) (441) 


Where f? is a function of @ alone and Б is a function of ¢ alone. 


On substitution and rearrangement we get 
1 


М ô? S 
эш д. „=. + sin 8-со20.7 


2 


8a? mr? sin20. E 
h2 


д» 
798 + 


В _ 
t4 = 0 (4.42) 
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Since, the first three terms of equation (4.42) are dependent on 
8 only whereas f3 depends on ¢ only, we must have 


2 
zx = constant —— М2 (4.43) 


On account of equation (4.43) we must necessarily have, 
0? f, cosh ар M? E 
GP t sind 28 ante? 220 (4.44) 


ia 
where В = = E (4.45) 


Following is the basic difference with the three-dimensional case 
of a free particle in a box so faras the solution of Schródinger 
equation is concerned. The solution for fz is dependent on М 
which means that it is dependent on the function f3. 
When M — 0 equation (4.44) becomes, 
2 

ge 500-50 t RA-cO (49 
For getting rigorous solution of equation (4.46), we need a leng- 
thy procedure. One of the simplest solution is f? = constant with 
B = 0. We can guess other solutions with 8 having different 
finite values. Values of В along with the form of № are given in 
Table 4.2. 


+ 


Table 4.2. Other solutions of equation (4.46) 


fa B 
a constant №, [U 
М; cos 0 z 
Nz (3 cos? 0—1) 6 
Ns (5/3 cos? 0 —соѕ 8) 12 
If we put В =1(1 + 1) 
we get 
2 2 
a= = =1(1+ 1) 
so that 
TAE 4.47 
E= dimi 0+1) (4.47) 
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Following table gives the values of -function corresponding 
to definite valu&s of / and M. The runctions are not normalised. 


————— = = = «m ee ы – == -. ан в т = = е е + — — = 
1 M у qat 
0 0 constant constant 
1 0 cos 0 cos? 0 
+ 1 sin 0 sin Ф and sin? 0 sin? ¢ and 
sin 0 cos ф sin? 0 cos? à 
2 0 3 cos? 0—1 (3 cos? 0—1)? 
+1 sin 0 cos 0 sin ф sin? 0 cos? 0 sin? ф 
and sin 0 cos 0 cos ф and sin? 0 cos? 0 cos? 4 
+2 sin 2 0 sin 2 ¢ and sin* 0. sin? 2 ¢ and 
sin? 0 cos 2 ф sint @-cos? 2 4 


When u+* is plotted against 0 for / = 1, M = 0, + 1, curves 
similar to the p-orbitals of hydrogen atom are obtained. 

In the above paragraphs we have examined the solutions of 
Schródinger equation for different cases. It has been demonstra- 
ted. how quantisation, quantum numbers, energy levels and zero 
point energy arise in the case ofa free particle in a box or ina ring 


or on the surface of a sphere. We shall consider the applications 
of a few of the above results in chemical systems. 


4.5 Applications of the Free-electron Model to 
Chemical Systems 


я || | 
The open chain polyenes of the type —С = C—C — C— 


aM | 
having z-electrons approximate to the case of a free particle moving 
in one dimension. The electrons cannot move beyond the terminal 
carbon atoms, since the potential energy is infinity at the ends of 
the chain. 

In a polyene the number of carbon atoms are 2N if we have N 
indi es = number of s-electrons would therefore be 
n al to 2N. It is obvious that in the ground state, N levels must 

е filled. The excitation would occur when one or more of those 
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electrons are excited to (№ + 1) or higher energy levels. Accord- 
ingly the first excitation energy would be given by 


AE = [М + 1?— №] JP[8mI? = (2N + 1) IP[8mP?.— (4.48) 


he 


Since AE = ^, we have 


1 = 40N + T) mone (4.49) 


When / and А are both measured in A the above expression re- 
duces to, 
1— 5.507 х 10-2 VON 4-1) À (4.50) 

Thus equation (4.48) can be used for predicting the excitation 
energy if the molecular length is kriown. Similarly equation (4.49) 
can be used for calculating the length of the molecule provided 
À is known. 

Butadiene (2 № = 4) has an absorption maxima at 2150 A. So 
that 


1 = 5.507 x1072 45x 2130 = 5.52 А 


This can be compared with the experimental value obtained by 

electron diffraction. The end-to-end distance is calculated in the 

following manner and the values are comparad in Table 4.3 
Similar comparison for other polyenes has been made in Table 

4.3 which shows that free electron model isa good approximation. 
In the case of f-carotene found in carrots, 


CH2 CH; Hs nil 
C CH = CH—C = CH—CH = CH—C = CH 
SY CH; rfe cH 
CH; | | 
CH = CH—CH—C = CH—CH = CH—CH —C—CH = CH 
Нс CH; 


му 
СН 
Q 
H3C’ 
B-carotene (purple crystals, mp = 184°C) 


the z-electrons are not localised in one bond but are relatively 
free to move throughout the whole carbon skeleton. It is easy to 


"Fable 4.3. Test of free electron model for polyenes 


Max. Я 
2N absorption 1 (Cale) 1 (91620 
$ A 

Butadiene 
CH,=CH--CH=CH: . 4 2150 5.52 3.66 
Hexatriene 
CH,=CH—CH—CH— 

CH=CH: 6 2500 ka 6.1 
Octatriene 
CH,=CH—CH=CH— 

CH=CH—CH=CH; 8 2900 8.9 8.6 
Vitamin A 10 3250 10.4 11.1 


calculate the wavelength of the light that is absorbed by such a 
system using equation (4.49). The theoretical value of 4630 Å 
agrees well with the experimental value of (4500 À). 


APPENDIX I: TUNNEL EFFECT 


Tunnel effect has importance in chemical kinetics since proba- 
bility factor is related to the probability of reactants crossing the 
energy barrier. The problem involved in ‘Tunnel effect’ is identi- 
cal to the problem of free particle in a box. The only difference 
is that if we consider the barrier of length a, it is postulated that 
the potential energy with the barrier hasa finite value but beyond 
the barrier it is zero. (The situation is just the reverse of free 
particle in a box.) The potential energy as function of distance 
for this case can be represented as follows: 


x 

se 
<—| œ% 

= 


Fig. 4.8. Potential energy as a function of distance. 
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It means that the electron can move from A to C by crossing 
the energy barrier. Further V — 0 except for 0 <x x a. The 
Schródinger equation for the moving electron is given by 


d 87m 
dia UE Аша. 


For the region A, the solution would yield 
Ма = Ay els + By eiki 
8т?тЕ 
he 
the Schrédinger equation would yield 


ув = Аз eka” + By екх 
8 zn(V—E) 
he 


where k? = - Similarly for the region В where E < V, 


where k} = - Similarly for the region C we get 


Jc = As eiks 


In the above equations, 41, 42; Bı, B; and Аз are coefficient which 
can be determined by using the normalisation condition and a 
set of following four conditions. 


dia d 

At ox 0 dam yo, © DP 
d 

At x=a, jp = jc, ate _ ie 


Since the probability of finding a particle in any region is pro- 
portional to the square of the amplitude of the wave function, 
the probability Do that the electron passes through the barrier js 
given by 


zf- 1 
1 fka Кү. 
Ux (ez) sin h? kz a 


when k2a > 1, sin h kz a œ е*з@? and 


4 ce 
m E tx] С^ 


Again when a — со, Do — 0, the barrier is absolutely imperme- 
able, which is the situation for particle in a box. 


APPENDIX II: FREE ELECTRON MOVING IN 
A PERIODIC POTENTIAL 


If фо (x) is a solution of the one-dimensional Schródinger equa- 
tion for a free electron, a solution for motion of the electron in a 
potential U (x) that is periodic with a period a, i.e., 


U (x) =U (x—a) (1) 
can always be obtained in the form 
4 (x) = фо (x) U (x— a) Q) 


where U (x— a) itself has the same period a as the potential U. 
This result is called Bloch's theorem and the functions of the 
form (2) are called Bloch functions. 

For the free electron as running waves, 

фо = e'** where k = ы = ae, 

А being the de Broglie wavelength. 
Equations (1) and (2) are of considerable use in solid state Physics 
and Chemistry. 


CHAPTER 5 


Wave Mechanics of Bound Electrons— 
One Electron System (Hydrogen Atom 
and Hydrogen Atom Like lons) 


In chapter 4, we considered the case of free electron in a box or 
in a ring. In this chapter we will consider the case of an electron 
moving in a force field so that its movement is not free. The 
simplest example is the hydrogen atom or hydrogen atom like 
ions e.g., He*, Li**, Be*** etc., which are two particle systems 
consisting of an electron of mass m and charge e and a nucleus 
of mass M and charge + Ze where Z is the nuclear charge (Fig. 
5.1). Forthe hydrogenatom z — 15 

The potential energy of the atom is entirely due to coulombic 
attraction between the electron and the nucleus. It is equivalent 
to the work done to take the electron to infinity from its instan- 


taneous position, thus 


eo E 
e?z е2.2 


y= | F-dr={ A dr =~ (5.1) 


r 


r r 


т.е? : А 
where the force F has been put equal to ——у- where r is the dis- 


tance of the electron from the nucleus. The Schrédinger equation 
for the above system would be given by, 


8 z^ ze 
7? css d ie" (E+ Е (5.2) 


Fig. 5.1. Hydrogen atom. 


In writing equation (5.2) we have considered only the motion 
of electron for the sake of simplicity. However hydrogen atom 
contains two particles, the electron (mass m) and the nucleus 
(mass M) and if we consider the motion of both the particle, the 
Schródinger wave equation will have to be modified in appro- 
priate manner.* Equation (5.2) is a good approximation, when 
we are not interested in the translational energy of the atom. 


5.1 A Simple Solution of Schródinger Equation for 
Hydrogen Atom 


In order to solve equation (5.2) we transform the cartesian co- 
ordinates into polar coordinates according to Fig. (4.7). 
Accordingly, the Schródinger wave-equation for hydrogen 


atom (z = 1) in terms of polar coordinates can be written as (see 
chapter 4, p. 46) 


sx Ld 1 ay, 1 ô 


re or ör ) ' 2 sin? 0 ð$? ' 72 sin 0 60 
i д 802m 2 
sing.—*. e 
( 3 (2+ 2) во (5.3) 
fyd h 
% depends only on r, the wave equation can be written as: 
80.02 ob | Bam e 
or r Or * m e + 2 =0 (5.4) 


E of the system given by p= "М 
m--M 
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The simplest solution of equation (5.4) is 
$= ema (e = exponential) 


where a is some arbitrary constant to be determined. The above 
seems to be justified since when ғ tends to infinity, y should be 
zero. 


Since 
дф =a e" —— 5 
дг ае =—ay (3:5) 
and 
Cd NES 
ga Ue 4 4 (5.6) 


д д? Е 
On substituting the values of zn and at from equations (5.5) 


and (5.6) in equation (5.4) we obtain, 


2 2 4 
а-а (ge o (5.7) 
r h? r 
or 
2. SAMET 2 (47те AL 
Paen +4( ime -a)-0 (5.8) 


Since equation (5.8) is true for any value of r, the sum of the 
first two terms which is independent of r and the third term in- 
volving r should be separately zero since the equation should also 
be satisfied when r is infinity. Thus, 
4m. e 


a-— (5.9) 
Evidently 1/а is Bohr radius (cf. eq. (1.15) 
ЗЕ ci К 
d маа. бло 


Since, E is negative, the electron js bound. Thus, if : 0 are 
i i 5 V (r) = е" is the solution 
iven by equations (5.9) and (5.10), l | 

to apos (54. 4nr2dr is the volume of a shell with radius r 

and the probability P of finding the electron in the shell would 

be Amp ie. 4ar2 e27. We сап find the radius of the shell 


where the probability of finding the electron is maximum as 


follows: 
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since P= dar? e72ra qum 


T = [20-7258 Ù} p? (> 2a) e7?re] 4s (5-12) 
= 


At the maximum, 


a =0 (5.13) 
so that 
2r-en2r4 + p2 (— 2a) etra =) (5.14) 
which leads to the result, 
Fmax = T (5.15) 


In Fig. 5.2, the function r? e?" has been plotted against г which 
shows that the probability of finding the electron is maximum 
when г = l/a where 1/a is equal to Bohr's radius. 


| 
i 
Н 
1 
| 
| 
/ 


1/a r 
Fig. 5.2. Probability as a function of r, 
5.2 Generalised Solution of Schrödinger Equation 


We had assumed above that only depends on r, the distance of 


the electron from the nucleus, In fact, this is an over simplifica- 


tion. We shall give below a more rigorous treatment. Equation 
(5.3) can be re-written as follows, 


2 


TELLE AT T NT 
r mis ar ® pu (5+) 


ing.2 Y 1 әу 
(sins ТЕ sin? 8 037 (5316) 


g 

B 

Ф 
Slo 
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we put 
bros m ЛУ» (5.17) 


where fı exclusively depends on r, f» depends only on 0 and f; 
depends only on ¢. This implies that the variables are meetin 
On dividing equation (5.17) by fi-f2-fs We obtain à 


‚жур 12 eh, 2 9n , 8cm( ex.) 
simo. 7 f 42.8 TP (ge Tn] 


ETE or h 
, sin 0 (д. afa. 1 ef, M 
* по 2 (sino титар „ав des 


The left hand side of equation (5.18) contains terms which are 
functions of r and 0 only whereas the right hand side contains 
terms -which are function of à only. Equation (5.18) is true for 
all values of r, 0 and 4. This is only possible when both sides are 


equal to a constant say т, so that 


1 ef, А 
паре" (5.19) 
and 
ref, 2 af 8 л?т е? 
{+ r oF +B (z«2)4] 
. ^ 1 ёү. ofr т? 
Tp H 8 „(эю 9-29 )- sin? | (5.20) 


ation (5.20), the right hand side is exclusively 
d the left hand side depends only on r and the 
any value ofr and ё. Accordingly the two 
| to a constant term « so that, 


Here again in equ 
a function of 0 an 
equation is true for 
sides would be equa 


1 КЕЛЕТ О m | 
^ tae (simon) тт = (з) 


Je 
1 ad op ( 3 т? T 
- x3 3 (sin $2 ) (m 3) =0 (592) 


Equation (5.22) isa differential equation involving spherical har- 
monics. It is an eigenvalue equation i.e. solutions satisfying the 
conditions of single valuedness and continuity exist only for cer- 
tain values of 2. It follows that the “eigenvalues” of « are given 


by: 
в == 1(1-+ 1) (5.23) 
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so that 
12m wherelisan integer. 
Using relation (5.23), the equation (5.22) can be written as 
ô f. 5,01 Pr (cos 0) 
ung gfo- д8 
TQ D- 22) p» (cos 0) = 0 (5.24) 
(07 ао E j 


we have designated the ei 

symbol P (cos 0) as is 

certain value of /, m can assume 

gether (2/ + 1) different values. 
Now putting, 


‚ел 2 об Вел 


e 
Alarm tog (*)A] ian 
(5.25) 
we get, 
BR 2 of, 8 «mE | 8mme I (I 4- 1) 
Or ETC tr uo Mio 
(5.26) 
ô? fi 2 eof 2B 
or +4 T *( Te )A- o (5.27) 
where 
_ 8r2mE 4 т?те? 
A= Bu ж C==1(1 41) 
ЭПР}! is the associated Le. 


i gendre function of de; А - 
dition ft seat gree / апа order the so. 


ion is put as 
2l 4- 1)(1— ! 
(в) = | С 0 Tm] ny 
/f2 (8) O30 mp Ps cos 0 
The solution of equation (5.27) has to be ex 


> : Pressed in the 
equation and its Normalised so] иа Таене 


ution is 
22 3 1 
КАТ л ИР 
пао 2ni(n-E Ds е, pL (p) 
where p = (22, па it 2 
rep = (; пао) ғ, ay me and Lae (р) represents the associated 
Laguerre Polynomial. 


D 


59 


The acceptable solutions of equation (5.27) are obtained when 


В? =— п? A, where п is an integer, so that 
— 2 т2те* 
B= n? h? (п = 1,2,3,....) (5.28) 
It further follows that for acceptable solution 
п>1+1 
16:5 1520; 1,2, 5,4 701) 


which is in agreement with the semi-empirical condition for the 
quantum number / obtained on the basis of hydrogen spectra. 

Summarising, we find that the quantum numbers л and 1 have 
to be. introduced in order to obtain acceptable solutions for 
stationary states of electrons. Similarly, it is found that the func- 
tion fs will yield acceptable solutions when m, the magnetic quan- 
tum number has the values 0, + 1, +2... etc. The proof of 
this is as follows: 

Since equation (5.19) is a second order differential equation, the 
solution is given by 

ћ=С oxime (5.29) 

where C is the constant of integration. On account of the nor- 
malisation condition 


[5 
a 


fid =1 (5.30) 


с? ег? їт* dp =1 


oy OF 


ie: 
2m 
or с | dé = 1 
0 
anu 
ii 7 
The final normalised wave function is 
Lol. gsm 
f= уз 
mus, dale ЕЕ ар 


where 
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We further note that for each value of m in the function Ss; the 
function f2 will yield acceptable solution only if a second number 
is introduced which is called /. The second number is always 
positive and must not be numerically less than т. Subsequent 
analysis shows that for each combination of m and 1, Schródinger 
equation will yield acceptable solutions only when a third whole 
number is introduced which must not be less than /. 


Thus т 0, av 15 ch 2, zb. 
lom 
п>1-+ 1 


Thus, by writing the wave-equation in polar coordinates, solu- 
tion for hydrogen atom can be obtained only by the introduction 
of three whole numbers. Each combination of these whole 
numbers correspond to a definite electronic state. These three 
whole numbers n,/ and т constitute the three main quantum 
numbers specifying the state of the electron in the hydrogen atom. 


It should be noted that we get three unique quantum numbers 
on account of three independent different 
with r, 0 and ¢. 


In order to account for the fine structure of atomic spectra and 
the magnetic properties of atoms with zero orbital angular mo- 
mentum an additional quantum number s has been introduced. 
It is called spin quantum number and has a value + 1/2. Its 
existence has been justified on the basis of relativistic wave me- 
chanics. The wave mechanics introduces the three quantum 
numbers not as arbitrary assumptions but as the result of inevi- 


table conditions which must be Satisfied if the equations are to 
yield acceptable solutions. 
The complete solution of equatio: i ised i 
n (5.2 
run q (5.2) is summarised in 


ial equations associated 
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Table 5.2. Allowed values of quantum numbers 


Symbol Name Allowed values 


Property principally 


determined 
n Principal 15823... Size and energy of 
orbital 
1 Azimuthal Shape of orbital 
n Magnetic Orientation of orbital 
S Spin 


Spin of electron 


5.3 Pictorial Interpretation of Wave-functions 


Since y is a function of three variables ғ, 0 and 9, it is not pos- 
sible to have a three-dimensional plot. Hence a pictorial idea of 
wave-function is impossible. However, we can have three-dimen- 


10 20 
| Ао 
Fig. 5.3. The radial 


Plot function y, y К 
for the пог п V, Oy and 45,2 yp* 


mal hydrogen atom, 
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sional plot by keeping r constant or a two-dimensional plot 
by keeping either (i) @ and ¢ constant, (ii) r and ¢ constant, or 
(iii) г and 0 constant. For case (i) one may plot against r or 
Jj? the probability density against r or probability 4zr?/? against 
r. A typical plot for 1s orbital is shown in Fig. 5.3. Similar plot 
for other orbitals are shown in Fig. 5.4. 

The units on the ordinate scale are different for J? and 47212. 

Itshould be noted that Figs. 5.3 and 5.4 do not give any idea 
about the shape of the orbital. In this respect, a plot of angular 
variation of orbitals is more meaningful which are described in 
Fig. 5.5 (a, b, c) for p, d and f orbitals. 


Ane узи) 


hn Ann) 


n=2 /=0 


fyc) Agr fh) п=3 /=0 
г—> 

f) 21,120 тзг) 
г —> FI 


Fig. 5.4. Radial and probability distribution function of various orbitals. 
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Since the probability density is greatest at r = 0 and falls rapidly 
as one moves from the nucleus, we can represent 15 orbital pic- 


torically as in Fig. 3.2 where density of dots is a measure of elec- 
tron density. 


' 5.4 Contour Diagrams 


Another alternative way which is better in many respects is to 


define the character of the orbital in terms of contours of definite 
value of yp a 


x Such contours for p, d,and f have been drawn 
in Figs. 5.6-5.8. 


The typical contours for 4f orbitals* when m = 
Fig. 5.8. These may be important for rare earth 
elements. It is clear from the contours that a 


+ lare given in 
and transuranic 


S p — osa, Y? 


2 


2 


y y 
x x 
Px orbital P, orbital 
(en 2 Y qan) 
y 
x 
P, orbital 
(121) 


Fig. 5.5(a). Polar graphs of p-orbitals for 7 = 1 апд = 0, + 1 


dxy 


а yz у? 
dxz 922 


Fig. 5.5(b). Polar graphs of d-orbitals for / = 2 and m = 0, + 1, +2, 


xy ху 
plane plane 


xy а xy = 
plane plane 


Fig. 5.5(c). Polar graphs of f-orbitals for / = 3 and m = 0, + 1, + 2 and + 3. 


dyz 
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Fig. 5.6. Contours of constant P? Fig. 5.7. Contours of constant V? 
at .108. and .316 of maximum at .108and .316 of maximum for 
for a Ti (III) orbital 3dx*-y? in a Ti (iii) orbital is the 3 dx*-y? 
the xy plane. There are two plane. The z-axis is the inter- 
nodal planes perpendicular to section of the two nodal planes, 
the paper and bisecting the axis. 


Fig. 5.8. Typical contours of f-orbitals. 


2 а . ‹ Е 
max tends to unity and the contours shrink in size and finally con- 
verge to a point. 


. From the view Point of directional bondin 
interest to know the region of maximum prob 
various wave-functions 


- When we kee 
2 = f (r, 0). The condi dew 


g it is of grater 
ability density for 


E tant we shall have 
tions for maxima are given by 
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a) _ 9, 009 _ 4 


(0 д 08 

n (4°) 22 (42) e? (4? : 
(ii) are 98 - and £O) are negative quantities 
"P" д? ( 2) 8? 2 д? 2 Р р 
(iii) [202 . Le - (52 ү is a positive quantity. 


We shall have similar conditions, when / is expressed as a func- 
tion of r and 9. It turns out that the probability density for 2p, 
3d and 4f state is maximum only at specific points. 


5.5 Three-dimensional Plots 


It has been stated in section 5.3 that three-dimensional plots of 
d-function are difficult to obtain. However, three-dimensional 
plots have been accurately produced for different wave functions 
by computer controlled graphic systems. Since a wave function 
or its corresponding electron density )* must be described in 
four dimensions (three for the spatial geometry and one for the 
point-by-point value of the function) any three-dimensional 
plot would leave out some information; buy yet no more than 
three dimensions may be depicted clearly in a spatial model or 


in its corresponding perspective diagram plotted on a sheet of 


paper. 
5.6 Bohr’s Theory and Schrödinger Equation 


Before concluding, let us compare the results obtained from 
Bohr's theory and Schrédinger equation. Both theories lead to 
same expression for energy E but the wave properties of electrons 
are taken into account only by Schródinger equation. Quantum 
numbers occur naturally in solutions of Schródinger equation 
and these can take up only certain integral values on account of 
single-valued and continuous nature of у. However in case of 
Bohr's theory, the quantum numbers have to be inserted arbitra- 
the electrons in the Bohr theory occupy planet-like 


rily. Lastly, l 
uation leads to the conclusion that 


orbits, but Schrödinger eq 
these move in orbitals. 


CHAPTER 6 


Polyelectronic Atoms 


In Chapter 3, we discussed the solution of Schródinger equation 
for hydrogen and hydrogen-like atoms. This solution will not be 
valid for a two electron or many electron systems. This is because 
# would then be a function of 3 N cordinates (where N 
ber of extra-nuclear electrons) and the potential energ 
include terms on account of electron-electron repulsion 


= num- 
y would 
also. 


6.1 Helium Atom 


We will consider the simplest case provided by the helium atom 
or Helium like atoms containing two electrons. Examples of the 
latter are H7, Lit, Be++ etc., where the nuclear charge is + Ze. 
In Fig. 6.1 the electrons are numbered 1 and 2 the polar coordi- 
nates for which are 7i, 01, фу and ra, 62, $2 respectively. The 


Fig. 6.1. He atom or He-like ions, 
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Schródinger equation for the present case can be written as 


2 8 т?т zh b E 
2 2 
Vib + yit + —у> (e+ = + = -&) 0 (6.1) 


where rı and гә are the distances of the electron 1 and 2 from the 
nucleus and r12 is the distance between the electrons 1 and 2. The 
inclusion of term containing ғ12 in equation (6.1) makes the solu- 
tion of the equation difficult since we cannot solve it by putting, 
Y =fi (т, 0141) -f2 (r2, 02, $2) (6.2) 

because the variables cannot be separated. 

On account of these difficulties, approximate methods had to 
be used for solving equation (6.1). These methods are, 

i) Perturbation method. 

ii) Variation method. 
Since Helium ion (He*) resembles the hydrogen atom with the 
difference that the charge Z on the nucleus is twice as great as 
that of hydrogen atom, the wave function for ground state 1s can 


be written as, 


1\!?/ 2\32 La 
А =2() (2) vile (6.3) 
— (2Y erla 
су (2) : (6.4) 
The energy Ene+ of the helium ion is then found to be given by 
4-2-72 met 
Eget == i: ——4Eg (6.5) 


where Ej is the energy of the hydrogen atom. The energy of the 
ed helium atom Eo when electron-electron repulsion is ` 
neglected, can be shown to be equal to twice the energy of He* 
ie.—8Eg. This value is very much higher than the experimental 
value of the energy of helium atom which is found to be — 5.8 Ен. 
The above analysis leads to the conclusion that interaction be- 
tween two electrons must be taken into account. In order to have 
a more realistic solution of the problem, we shall first discuss the 


perturbation method. 


unperturb 


6.2 Perturbation Method 


We would treat the repulsion potential in the helium atom as the 


perturbation V' given by 
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y'—-- E (6.6) 
r12 
where r1» is the distance between electrons 1 and 2. 
Accordingly, the mean energy is different from the unperturbed 
value by an amount E' which can be calculated (see Chapter 3, 
section 3.4) from the following formula 


E | | © (N: e-na} (N. 2/40)? ату dr, (6.7) 


r12 


where dz, and dr are the volume elements corresponds to elec- 
trons 1 and 2, where N is the normalising factor. However, if the 
unperturbed wave function is used in the form,* 


уо ee. @72rs/ao (6.8) 


which is not normalised, the expression for the perturbation 
energy would be given by . 


2 
|| E (e-2r1/a0. e72rslo dri dra 
12 
E 


(6.9) 
[i (6721/0. @-2r2/00)2 dri dra 
The evaluation of the integral yields, 
E' — &. Eg (6.10) 
It may be noted that the value of E' is positive. This is so because 


the repulsion between electrons lowers 
atom. This result can be 
charge Z such as Н- 
given by 


the energy of the helium 
generalised for any system with a nuclear 
› Lit, Be**, В+++, Fora general case, E' is 


E' — &-Z. Eg (6.11) 
Thus, the energy of the helium atom would be given by 


E= БЕ =—8 Ey + §-Ey=—5.5 E, 


(6.12) 
This may be com 


pared with the experimental value of —5.8 Ey. 
isation potential is the energy required to remove 


rst ionisation potentia] = energy of the helium 
f the second electron so that, 


one electron, fi 
atom—energy o 


=== Е 
*The factor 2 o 


ccurs in equations (6.7) and (6.8) on account of this fact 
that the nuclear charge on the helium atom is 2. 


7" 


- LP. =—5.5 Ex — (—4 En) = — 1.5 Ен (6.13) 


The experimental value of ionisation potential is 1.8 Ен. Thus, 
the agreement between theory and experiment is impressive. These 
values are recorded in Table 6.1. : 


Table 6.1. Energy and ionisation potential of He atom 


Theoretical Theoretical ^ Theoretical 


parameters value for value based value by Experimental 
unperturb- on perturba- variation value 
ы ed case tion theory theory 
l. Energy —8 Eg —5.5 Ey —5.7 Ey 5.8 Ey 
2. Ionisation 1 
potential —4 Ej —1.5 Ey —1.71 Ey =1.8 Eş. 


6.3 Variation Method 


We now discuss an alternative method for the solution of equa- 
tion (6.1). This involves the choice of a proper, trial function. The 
unperturbed function used in the previous method was a simple 
wave function for a nuclear charge of 2. Inter-electron repulsion 
will result in an expansion of the electron cloud. On account of 
the presence of other electron it would effectively mean that the 
nuclear charge is rather less than 2. In other words, the other 


» electron screens some of the nuclear charge. This suggests that it 
would be more realistic to replace e 7'/7e by er^» where z'3£ z. 


Accordingly the perturbation energy E' would be given by 


f | (ео. е) „Н. (ео « ela) dry dea 
f o 
Е = fpes ‚ gz'ralao) (g7!rilao ~ g?'rslao) dz, dr? 


(6.14) 
where id 
iouis on I" даб, дейи eh 
eme (pi vi A = o (6.15) 


On solving integrals in equation (6.14), we have : 
E' =[—222 + $2'-2' (З) En (6.16) 
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The minimum value of £' is found by differentiating E' with 2 
and putting 2Е'/22' = 0 which yields Z' = 27/16. When this 
value of Z' is substituted in equation (6.16) E is found to be 
— 5.7 Ен which is excellent agreement with the experimental value. 
Thus the error in the total energy has now been reduced to 
about 1.775. Similarly it is found that the error in the calculated 
ionisation potential is only about 5 %. The wave function which 
minimises the energy corresponds to an effective nuclear charge 
which is 5/16 less than the nuclear charge Z. 

This is true H7, Lit+, Be*+ etc. also. Hylleras carried out in- 


tensive work on the ground state of the helium atom. He used 
variation functions of the type 


AUDIT | OFS ы, рм 012) 
and 


MESE TT 
e-?'niao . g7ztrelao J | 4. efn 
а 
In the latter case there are two constants Z and C, the values of 


which were found by minimising the energy i.e. by putting E: =0 
and a = 0. The values were z= 1,69 and c = 0.142. The calcu- 


lated value of the energy was found to be 1% of the true value, 
Hylleras also used another function 


egnías , ein (1 +e’. 2) 

do 
which gave energy within 0.4% 
general formula for the ionisati 


and helium like-ions given by 


of the true value. He obtained a 
on energy J of the helium atom 


t= Sm (87 etas. 201752, оло) (6.17) 
[e 

UM 

where 


К = 109737.42 стт! 
and M is the atomic ma. 
(6.17) are compared wit 


and Mulliken (1952) 
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Table 6.2. Ionisation energies of two-electron atoms 


Atom I (Calculated) e.v. I (Observed) e.v. 
H 0.7149 — 

He 24.465 24.463 

Li* 75.251 75.279 + 0.012 
Be** 153.109 153.09 +0.10 
B*** 258.029 2581 +02 
Cc 390.020 389.9 +0.4 


6.4 Elements Other than Hydrogen and Helium 


Many electron system is a little more complicated than the previ- 
ous case since following types of interaction can occur, 
1) Interaction of inner shell-electrons with each other, 
2) Interaction of inner shell-electrons with outer electrons, and 
3) Interaction of outer (valence shell) electrons with each other. 
In calculating the energies of the atom beyond helium, we may 
start as in the case of helium by neglecting the terms in the Hamil- 
tonian that represent the electrostatic repulsions of the electrons. 
This leads to a partial differential equation of the type, 
м zc 
Ў ay Е > zl —0 (618) 
ЕП ici Vi 
f electrons in the atom 4? is the Laplacian of 
the ith electron and r; is its distance from the nucleus. This equa- 
tion can be solved by the method of separation of variables by 
writing the total wave function as the product of wave function 
of the individual electrons, so that 


М is the number О 


N 
p= IH (т, li, mi, si) 


d s, are the four quantum numbers assigned to 
(nis liy mis Sidi is the corresponding hydro- 
cen-like orbital arising from nuclear chargez. In the perturbation 
treatment of polyelectronic atoms, we again use the hydrogen- 
like orbitals. Since the perturbation treatment is complicated we 
shall not give the details. Instead we shall discuss merely the 


where ni li Mi, an 
the ith electron and ¢ 


outline. 
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In case of helium atom, we have seen that because of the icre- 
ening effect of electrons on each other, the true wave functions 
are much less concentrated about the nucleus than would be ex- 
pected from the hydrogen-like wave functions in which all elec- 
tronic repulsion are neglected. By replacing the true nuclear 
charge z, in the exponential term of the hydrogen-like orbitals 
with an effective nuclear charge z'— 2—5 the orbitals can be 


made to spread about, away from the nucleus, and thus we would 
get a better representation of tru 


b= pnt e-675in* f. (8). f, (4) (6.20) 
where the Constants n* and s are chosen according to certain rules 
85 given in Table 6.3. 


Orbital ERN TT WB чоно odi 17 
sete n 
PRGA o ER ri nemora cad 
0.30 
2s or 2p 4.15 5 1 
3s or 3p 10.25 3 $ 
= 23.15 4 а 
19.75 ; 
^j 4.0 
wetter PM 6 4 
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2) For each electron in a given group, the screening constant 
is the sum of the following contributions, 

a) No contribution from any group outside the given group 

5) A contribution amounting to 0.35 from each деса іп the 
given group except 15, for which 0.30 per electron is used. 

с) In the case of s, p sub-shells, contribution amounting to 0.85 ~ 
from each electron whose principal quantum number is less by 
one and 1.00 from each electron further in is considered. How- 
ever, if the given group is d or f, contribution amounting to 1.00 
from each and every inner electron is taken into account. 

As an exmaple, for carbon (1s? 2s? 2p?) with z = 6 we have effec- 
tive z for 1s electron = 6—0.30 = 5.70 and effective z for 2s and 
2p electrons = 6— (3x 0.35)— (2 x 0.85) = 3.25. 


6.5 Hartree Self-consistent Field Method 


Slater-Zener orbitals are approximate. A more rigorous way for 
writing the orbitals was developed by Hartree and Fock. 

We write the wave function у of an atom containing N electrons 
in the following form of a product of one electron orbitals, 

р pep... d 

where $i, $2--- +» Фм are the respective orbitals, у would be a 
function of 3N co-ordinates associated with N electrons, ф(1) would 
be a function of the coordinates of electron 1 and 4°), 49, etc. 
would have similar significance. Hartree has developed an inter- 
esting method of deducing orbitals that will make the function y 
give the best possible representation of the correct wave function 
of the atom. 

The quantity $? (1) represents the probability density of elec- 
n the atom, and similarity 43 (2) represents the probabi- 
lity density of electron 2 and so on. 1f the electron 1 is placed at 
a definite point in space, with coordinates x, y, z, then the average 
electrostatic interaction between electrons 1 and 2 is given by 

GAO) 
Vi (x1, Yi 21) =|| dxz дуз dz2 (6.21) 

where the integral is to be taken over all positions of electron 


2. Similar contributions to the potential energy of electron 1 are 
y each of the other electrons in the atom. In general the 


tronli 


made b 


76 


total potential energy of the electron j can be written as, 


2 2 623 (i 
Vi (х,у, z) —— т Эх ED a, dy; dz; (6.22) 
ij 


isj 


The first term on the right is the potential energy due to attrac- 
tion between electron and the nucleus. Equations similar to (6.22) 
can be written for the potential energy of the other electrons also. 

The wave function of the electron moving in the potential field 


is given by the solution of Schrédinger equation using atomic 
units, 


h2 


7 gamm РА + Vid) Em, (6.23) 


where E; is the energy of the electron in orbital 4 ;. 
equation (6.23) cannot be solved unti 
evaluated and we cannot solve e 


Solutions фу from equation (6.23). This vicious circle may be 
broken by making a preliminary reasonable assumption regarding 
the j-function in equation (6.23). For instance, we might use 


j. The resulting potentials V; may 
sed to find improved wave-function by again using 
equation (6.23). The improved wave-function may again be intro- 
duced in equation (6.22) to obtain an improved estimate of the 
potential function V;. The process may be repeated until the func- 
tions фу do not change appreciably. The resulting potential func- 
tion V; is then said to be the self-consi 

wave-function is called self-consis; 
energy of the atom or ion would be the sum of the energies of 
individual electrons so that 


Itis clear that 
l equation (6.22) has been 
quation (6.22) until we know the 


where the Е; are the eigenvalues of the equation (6,23) 
The basic features of Hartree-Fock SCF appro. nay 
marised as follows: — . m reme 


(i) The orbital Concept is assumed to be valid. 
(ii) A set of reasonable orbj 


TI 


obtaining a set of first improved orbitals. The calculations 
are then repeated with the first improved orbital to obtain 
a set of second improved orbital. The process is then con- 
tinued until no further significant improvement is obtain- 
ed; the orbitals are then self-consistent. 


‘Hartree-Fock SCF orbitals are probably the best that have been 


obtained uptil now within the limitations of orbital concept. These 
correctly predict the energy of the system to within one or two 
per cent of the observed value. The SCF orbitals have been appli- 
ed to numerous atoms and ions. Fock has shown that Hartree's 
method may be modified to take into account the exchange between 


orbitals. 


6.6 Energy States of Hydrogen-like Atoms and 
Polyelectronic Atoms 


According to equation (5.28) the energy of the electron in hydro- 
gen-like atom is determined only by the quantum number n. 
Accordingly the order of energy levels will be as follows, 


1s < 2s = 2p < 3s = 3p = 3d < 4s = 4p = 4d = 4f < 5s 
which gives several degenerate energy levels. However, the orbi- 


tal degeneracy can be removed by considering the effect of elec- 


tron-electron repulsion and the sequence of energy levels is found 


to be as shown in Fig. 6.2. 
р” Xe 80 


45 


3p 


Fig. 6.2. Orbital energies in complex atoms. 


CHAPTER 7 


Small Molecules 


7.1 Hydrogen Molecule Ion 


In chapter 6 we have investi 
System containing electrons 


now study a slightly differe: 
in a force field due to two 
plest system H£ having t 


which may formally be Tepresented as follows, 


Fig. 7.1. Schematic Tepresentation of hydrogen molecule ion 


Hi was first discovered by J.J. Thomson and isknown to exist 
in gas discharge tubes. The experimentally Observed internuclear 
distance and binding energy are 1.06 A ang 2.791 eV respecti- 
vely. 


The important feature of such a system is that: 


i) there is attraction between electron and the nuclei, and 
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ii) there is repulsion between the nuclei A and B. 
Accordingly the Hamiltoman for the system would be written 
as follows: 
Рие: е е? ‚е? 
= рт 7-2- Lc (7.1) 


877, F4 rg К 


where the nuclear charge on A and Bis + e and R is the inter- 
nuclear distance. r4 and rgare the distances of the electorn from 
nuclei A and B respectively. 

Since the binding energy and internuclear distance for the 
hydrogen molecule ion are known from experiment, the object of 
the quantum mechanical calculation is to evaluate these two para- 
meters from theory based on a particular picture of molecular 
binding. Accordingly we shall evaluate E, у and 2 for the system. 
As shown earlier in chapter III, E can be easily evaluated from 
the following expression provided a suitable trial wave function 


y can be suggested, 
е [ 4 Ht dr 
| v y* а 


The simplest way to guess the wave function is to argue as 
follows. If the nuclei are far apart, the system can be considered 
as Н, + Hit or Ha + Hi where the subscripts 4 and B refer to 
the two nuclei. Since the two hydrogen atoms and the two hy- 
drogen ions cannot be distinguished, the simplest wave function 
for the system would bea linear combination of respective atomic 
orbitals. Thus, the one electron molecular orbital for the hydro- 
gen molecule ion may be written as 


y = а Ҹа + аз po (7.3) 


where a; and a; are constant and у’ and уь denote, the ground 
state atomic orbitals of hydrogen atoms A and B. 
Having chosen a trial wave function we now proceed with the 


evaluation of (i) E, (ii) y, and (iii) 42. 


(7.2) 


7.2 Evaluation of E 


On substituting the value of {тот equation 7.3 in equation (7.2) 


we have, 


80 - 


Га pa + аз) H (a1 V, + a2 d de 
f (a1 Pa + a2 Yo) (а Y, + a2) dr 
or E[ | (n ф + az фь) (a V + а ta] 
= | (@ ат) Н (аф + о) dr 95) 
а} Vo W, dr + 2а as [iba M de + [акъ а] 


(7.4) 


ог E| 


J 
-[4 | va Hyde + 2a ar [унаа 


| б H ys А (7.6) 


For а minimum value of E, we should have, 


E 
22 =0 (7.7) 
дЕ 
m^ 0 (7.8) 


Using equations (7.6) and (7.7) we have, 


E [s J V; Va dr + 2a; | а] 
so арад |». %& + [ат а 


7 2а | pa H V; de +в на, 


(7.9) 
ог E [2a f edad + 205 Jih ar | 


ка 9ш, Í V.H padr + 
2o: | W, H gs dr 
Equation (7.9) can be put in the following form, 


E[aiS,, + 24, Sas] = 2a, H,, + 2a Hap (7.11) 
where 


(7.10) 


Saa = f y. Va dr 
So = [We bs de 
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Ha = f V Hyd 


Ha = | W, He dr 
On rearranging equation (7.11) we have, 
ау (Haa— E Saa) + a2 (Hay Е Sax) = 0 (7.12) 
On differentiating E in equation (7.6) with respect to a» we get, 
a (Нь— E Sba) + а (Нь-Е Sy») =0 ` (7.13) 


Equations (7.12) and (7.13) are known as secular equations which 
ressed in the form of determinant as follows, 


can be exp 
Haa- E Saa Hw- E Su =0 (1%) 
Нь=— Е Sas Hy E бу, 
Since the ground state atomic orbitals are identical, we have 
Haa = Нь 
Hva = Hov (1.15) 
Sta = Sab 
since Гена = на 
[25 dr = [eH ha dr (7.16) 
and | days йт = | by pa dr (7.17) 
Now Saa = Sob 
because f y Va dr = f V. Ша dr 


Further if we use normalised wave function then Saa = Sj, = 1 
Consequently the secular determinant reduces to 


=E Hy,— E Sa 
ee ess H.E 2 Gas) 
Which can be rewritten as, 
(Haa — E) — (Нва Sas Е)? = 0 (1.19) 
or (Haa— Е) = + (Hoa— E Sav) (7.20) 


Solving for E, we get two values Es and E4, one for the symme- 
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tric energy state and the other for the antisymmetric energy state, 
so that 


Haa + Hoa 1 
Es = "Ius (7.21) 
Haa— Hoa 
ppm diu 


Although the original 1s energy state of the two hydrogen atoms 
are degenerate, but on combination, these split into two new 
energy states, one lower and the other higher in energy than the 
original atomic state as follows, 


. 
M 


183 ls, 


ols 


In terms of М.О. theory, the lower energy orbital о, is consider- 
ed to be a bonding orbital and the higher energy orbital is con- 
sidered to be an antibonding orbital. Both orbitals can accomo- 
date a pair of electrons, but the bonding orbitals, having lower 
energy are filled first. Thus for the hydrogen molecule ion, the 
electron will first occupy the bonding orbital. 


7.3 Evaluation of ys and 2 


On substituting the value of E in the secular equations (7.12) and 
(7.13) we have, 


а = а (Symmetric solution) (7.23) 


а, = – а (Апііѕуттеігіс solution) (7.24) 

Thus the two molecular orbital wave functions are, 
Vs = ai (Va + Ju) (7.25) 
Ja = а (ра ys) (7.26) 


It should be noted that a; is not known. In order to evaluate it 
we use the normalisation conditions: 


[ва 
[аа 


1 


(7.27) 


І 


(7.28) 
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On making proper substitutions, equation (7.27) yields, 
| a? p2 dr +Í а а + 2a? | to hy de = 1 
or a? + а} + 2a? Say = 1 (7.29) 


where normalisation condition for у, and уь has also been used. 
Equation (7.29) yields, 
1 


75а Чао 


so that 


= 1 - = 
ps = 423285 (ba Yo) (7.31) 


On making similar substitution in equation (7.28) we get, 


eh aS ГЗ 
уа = FER IN (pa— Ҹһ) (7.32) 


The probability density 2 would therefore Бе given by 


1 2 
U2 = уруу Wet 2 pa po) (7.33) 


ya = ag UE E24 W) (7.34) 


If we assume Sap < 1 equations (7.33) and (7.34) can be written 


as 


V2 = (2 + ph + 2 pa Wo) (7.35) 
уа = EZ + 305—2 ds o) (1з) 


The electron density has been plotted against the internuclear 
distance in Fig. 7.2(a) and 7.3 using equations (7.35) and (7.36). 
The corresponding plot for the individual hydrogen atoms is also 
given in Fig. 7.2(b). On comparing Fig. 7.2(a) and 7.2(b) we see 
that the symmetric function leads to an increase in electron 
charge density in the region of overlap between the atoms. On 
the other hand, the antisymmetric function leads to a decrease in 
charge density since from Fig. 7.3 it is obvious that the electron 
density is zero between the nuclei 4 and B. 
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Fig. 7.3. Electron density for the antisymmetric wave function. 


7.4 Comparison of Theory and Experiment 


We shall now examine how far the theory developed above is 
in agreement with experiment. The internuclear distance and the 
dissociation energy for Н; have been obtained from experiment. 
These can also be estimated from theory by plotting energy against 
internuclear separation. For explicit calculation of E, it is neces- 


sary to evaluate the integrals Haa, Sba and Hap. The intergation 


can be done by standard methods by transforming to elliptical 
coordinates 


i yen. Ze 
Thus we have (in atomic units where 1 atomic unit = ae E £ ) 


Bug ( 1+ =) en. (7.37) 


2 " 
Sup = (22 +r + 1) ета (7.38) 
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Hao = [( -l F =) uc Trnd 1)=(ra T 1) Jens 
(7.39) 


So that, 
1 1 dread 1) es (ri + 1) es 


а a (л) e» | 
(7.40) 


From the above equation Es (in atomic units) can be calculated 
for various values of r. The results are plotted in Fig. 7.4. 


+50 


Energy (К cals/molo) 
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Fig. 7.4. Energy as a function of internuclear separation. 


According to Fig. 7.4, the energy of antisymmetric state is 
never negative and hence this cannot be a stable state and thus 
the corresponding wave function is called antibonding orbital. On 
the other hand Es is negative over a wide range of r. Further 
there is minimum in the curve, which corresponds to most stable 
state. The value of equilibrium internuclear distance r and the 
dissociation energy Е are estimate to be 1.32 A and 1.76 e.v. (ex- 
1.06 À and 2.791 eV obtained from spectro- 
he important point about the above theory is 
that it gives an explanation of the stability of НУ which is not 
possible by using thermodynamics or classical mechanics. How- 
ever, it should be noted that the agreement between theory and 
experiment is poor. 

The reason for the discrepancy is that the trial wave-function 
is not the true wave function. Several other trial wave-functions 
have been suggested which yield better agreement between theory 
and experiment. Two such functions are given below: 


perimental value 
scopic method). Т 
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Ra (£)^ ета, (7.41) 
п 


= e (ra + re) {1 + с (ta + rg?) (7.42) 
where с, а, c; and сә are constants 


7.5 Excited States of Ht 


There are other excited states of Hz. The molecular orbital for 
these states may be obtained by linear combination of hydrogen 
atomic orbitals for the excited states. Their nomenclature depends 
on the following: 

1) The atomic orbitals from which they are formed. 

2) Angular momentum number about the inter-nuclear axis. 

3) Their property on inversion through the centre of the mole- 
cule. (If the orbital function does not change sign on inversion 
itiscalled gerade and is denoted by а subscript ‘g’. If it does 
change sign it is called ungerade and is denoted by the subscript 
чё. This classification only applies to homonuclear molecules 
such as Нз, O2, № in which the two nuclei have same atomic 
number.) 

4) Their stability with respect to the isolated atoms. (If the 
energy of the orbital is lower than the energy of the correspond- 
ing isolated atoms, it is called bonding orbital. In the Teverse 
case, it is called an anti bonding orbital.) 


The M.O. nomenclature for such LCAO functions are given 


below: 
LCOA Function M.O. Nomenclature 
Is4 + lsg og ls or ols 
154 — 1s, c, 15 or o* 15 
254 + 258 о; 25 ог с 25 
254 = 255 


си 25 or 6*2$ 
The molecular orbitals сап be агг 
energy as follows: 

The energies of the molecular 
number m similar to that for ato 
designated corresponding to the 


anged in increasing order of 


orbitals depend on a quantum 
mic orbitals. These orbitals are 
values of m as follows: 
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m Orbital designation 


0 с 
ар т 
+2 5 


m is obtained as а result of the solution of the appropriate 
Schrédinger equation when it is assumed that the two nuclei are 
stationary as justified by Born-Oppenheimer approximation. 
The solution is easier when elliptical coordinates are used. 


с ° 2р 
ny 2р л? 2p 
, 5 
5 лу 2р т: 2p 
5 
? a% 
а 
3 о 2s* 
E] 
= 
о 25 
о 15% 
i 
о 15 


Fig. 7.5. Energy of molecular orbitals. 
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Fig. 7.6. Schematic diagram of hydrogen molecule. 


7.6 Hydrogen Molecule 


In the above paragraphs, we discussed the quantum mechanics 
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of molecule containing one electron. We now proceed to study a 
slightly more complicated molecular system containing two elec- 
trons viz., hydrogen molecule which may be pictured as follows. 
A and B are the two nuclei and the two electrons are denoted 
by 1 and 2. In writing down the expression for Hamiltonian we 
have to consider; 
i) attraction between electron 1 and nuclei A. 
ii) attraction between electron 2 and nuclei B. 
iii) attraction between electron 1 and nuclei B. 
iv) attraction between electron 2 and nuclei 4 
у) repulsion between electron 1 and eiectron 2. 
vi) repulsion between nuclei A and B. 
Accordingly the Hamiltonian is given by 


Py gm y e e e е? 
т 8mm la Раз. тар Toa 
2 2 
r2 G 
+— +. 7.43 
I (7.43) 


The charge on the electrons is — e and that on the nuclei is + e. 
The distances r41, "42, Рві, гро, rr and. К are clearly specified in 
the above diagram. On account of the presence of rj» term, it is 
impossible to separate the variables in any coordinate system and 
the Schródinger equation would become too complicated to solve 
directly. 

As in case of Hz, we will try to evaluate E, у and 42 for the 
hydrogen molecule by an approximate method. Asa first Step a 
suitable trial function has to be Buessed. We shall do this on the 
basis of M.O. treatment. If we consider hydrogen molecule to be 


€ covalent bond involving two electrons descri- 
bed by one electron molecular orbital wave function y, and pa, 


then ground-state wave function for the hydrogen molecule Varo. 
can be approximated by 


Vaso — Yi hr 

Since the electrons would be so 

atom 4 and sometimes near the hy 

the electron molecular orbitals for 
approximation as follows: 


metimes near the hydrogen 
drogen atom B; we can write 
electrons 1 and 2 using LCAO 


ба а WO + a Yo. (7.44) 
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Ja = аз WO + as Ш) (7.45) 


where JU, 2) are the wave functions when the electrons 1 and 
2 are respectively near the nuclei A and (1), (2 are the corres- 
ponding wave functions when the electrons 1 and 2 are respecti- 
vely near the nuclei B. Thus, 


Var-o- = [ar VO + аз VP] [as YP + agp] (7.46) 
Using this trial wave-function and the variation method the 
energy (in atomic units) is found to be given by 


1 
Ey = 2Е.- 7 (7.47) 


where E, is the ground state energy of the hydrogen molecule 
ion so that 

piu ] ^2 [UR (RE 1)e75—(R 3-3) ег? 
a R К [82/3 + R + 1) e * + 1] 


(7.48) 


Equation (7.48) neglects inter-electronic repulsion. Even if this 
is taken into account, the resulting Eo versus R curve has the 
same general shape as that for the hydrogen-molecule ion. The 
calculated dissociation energy and the equilibrium inter nuclear 
distance are found to be 2.68 eV and 0.85 À respectively. Experi- 
mental values 4.72 eV and 0.74 A respectively. 

In order to make further improvements in calculations, we may 
assume Z4 = Zs Æ 1 and use Z as a parameter in the calcula- 
tion just as we did in the case of variation treatment of helium 
atom. It is found that the energy is minimised when Z = 1.197, 
the calculated dissociation energy being 3.47 eV. 


7:7 Ап Alternative Wave-function—V.B. Treatment 


Heitler and London used the following trial function: 
Ja, cup x dp ep (7.49) 
The wave-function can be justified on the basis of following argu- 


ments. At large internuclear separations the wave-function for 
the hydrogen molecule would be the product of atomic wave 


functions so that 


Ji o yp (7.50) 
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and its energy would be equal to the sum of energies of atomic 
orbitals so that 

E=2E, 


In writing equation (7.50) we assume that the electron (1) is on 
atom A while the electron (2) is on atom B. It is also possible 
that the electron (2) may be on A and (1) may be on B. Accord- 
ingly the wave-function for the hydrogen molecule may also be 
written as follows 


y, = VO yo (7.51) 
Since both the situations are equally probable, it is more realistic 


to write the wave function as suggested by equation (7.49). 
Substituting appropriate values, we have 


ор E vo vim vp + vo WO) dry dra 
|| (0 YO E JO WO? dry dry " 


(7.52) 
The double integrals indicate that integration must be carried out 
over all space for both electrons 1 and 2, The problem is simpli- 
fied by the fact that фа and ji; are solutions of the Schródinger 
equation for the two hydrogen atoms separately so that 


hy? og 

| TE -£l p= Eg yp (7.53) 
Pp е 

[75557] Pha (7.54) 


Equation (7.52) can be written as 


Iu (7.55) 
where 


ы (D Oy COE е2 е? 
Q MT Vp [ = нл ddr, (1.56) 


T= [up yp ya yo E E NRA 
b VO up) UD Fig, as dr, drz 
and 


5 = ff WD V2 qr, drj = lí uo LO dry dz; (7.57) 
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J, Q and S are respectively called exchange, coulomb and overlap 
integrals. Their physical significance is as follows: 
The coulomb integral Q, contains terms due to: 
1) nuclear repulsion (+ е?/гяв). 
2) repulsion of electron cloud around nuclei 4 and B 
(+ е2/т12). 
3) attraction of electron cloud of electron (2) and the nuclei 4 
(= е2/ғаз). 
4) attraction of electron cloud of electron (1) and the nuclei B 
(= erai) 
The exchange integral J includes terms 
a) due to repulsion between electron clouds of electrons 
(1) and (2). 
b) due to attraction between electron cloud of electron 
(1) and the nucleus A. 
c) due to attraction between the electron cloud of electron 
(2) and the nucleus. 
d) due to repulsion between the nuclei and А and B. 
The overlap integral S measures the extent to which the atomic 
orbitals described by |j, and уь reinforce or overlap each other. 
The coulomb exchange and overlap integrals can be calculated 
by standard methods. Thus, values for E. for various internuclear 
distances can be obtained. These are plotted in Fig. 7.7. Eu 


denotes the energy of hydrogen atom. 


Inter-nuclear 
separatio 


Fig, 7.7. Energy for the hydrogen molecule. 


The co-ordinates of minimum in theabove curve yield the value 
of dissociation energy (Eais) and equilibrium inter-nuclear dis- 
tance (re). These are found to be 3.14 eV and .87 Á. 
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7.8 Comparison of V.B. and M.O. Wave-functions 


Expanding м.о. as given by equation (7.46) we have, 
Varo = a аз YP JO + a as VP VP) + [ar ay yo yo 
+ a2 as ф0 Yr (7.58) 


whereas y.p = WO). (2 + #2 (1) as given by equation (7.49). 
It is obvious that фу.в and J;.o. are similar except an extra term 
which is within bracket in equation (7.58). This extra term is due 
to the coming of the electrons near a particular nuclei. In other 
words, ум.о. gives a large weight to configuration that places 
both electrons on one nucleus, which correspond to ionic struc- 
tures A+ B- and A` B+. The V.B. wave-function ignores these 
ionic terms. Tt essentially attempts to estimate the interaction 
which results as the two separate atoms are brought together. 


V.B. wave-function is more susceptible to refinement in con- 
trast to the M.O. wave-function, 


ble of greater accuracy. Howeve 
is involved in following V.B. me 
wave-function is simple and yiel 
interest in a Simple manner. 


hence the former is often capa- 
r considerable amount of labour 
thod. Onthe other hand M.O. 
ds conclusions of great chemical 


7.9 Further Refinements 
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will tend to move into the internuclear region due to electrostatic 
attraction exerted by the nuclei. If the two electrons have the 
same spin, both spin and charge correlation will tend to kee 

them apart and so the probability of both the electrons bein, Ыр; 
ultaneously between the nuclei will be small and there will pe no 
resultant inter-atomic attraction. On the other hand, if the elec- 
trons are of opposite spin, then spin correlation, tending to bring 
the electrons together, will overcome to some extent their ШШЕ 
repulsion and both electrons may be in the internuclear region 

leading to an inter-atomic force of attraction, or cohesive force 
known as the covalent bond. 

The molecular system is conveniently described in terms of 
molecular orbitals, which are formally analogous to the atomic 
orbitals. Molecular orbitals for an n-atom molecule are assumed 
to possess the following properties: 

a) Each electron in the molecule is described by a wave-func- 
tion ¢. These wave-functions are called molecular orbitals. 
These are polycentric so that the electron movesin the field 
of all п nuclei. 

b) Each molecular orbital has its own energy. 

c) The molecular orbital consists of a series of super-imposed 

self-consistent atomic orbitals Le. 


n 


ф = у с 4, 


ге! 


where C's are coefficients. 
d) The energy of a molecular orbital is least, when the вот. 
onent atomic orbitals overlap with one another as much 
as possible. 
e) The energy of a molecular orbitalisleast when the compo- 
nent atomic orbitals have equal or nearly equal energies. 
Atomic orbitals of very low energy will not therefore readily 
become components of molecular orbitals, and hence the 
inner orbital electrons may be neglected for bonding pur- 
ese are non-bonding. 
f) Each electron has a specific spin governed by the Pauli 
Principle. This in effect means that the total wave-function 
у =ф(, 1, m, 5) must be antisymmetric. This is explained 


poses since th 


below. 
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7.11 Spin Pairing and Chemical Bond 


In quantum mechanics, all the wave-functions are not acceptable. 
The acceptable wave-function must either be symmetric or anti- 
symmetric with respect to interchange of the co-ordinates of the 
particles depending on their nature. 

If follows from the relativistic quantum field theory* that all 
particles with half integral spin belong to antisymmetric class and 
those with 0 or integral spin to symmetric class. Thus for elec- 
trons, any acceptable wave function must be antisymmetric with 
respect to the interchange of electrons or in other words the sign 
of wave function must change when the electrons are exchanged 
(Pauli principle). This principle applies to electrons in both mole- 
cular and atomic orbitals. 

For a system of n electrons, the polyelectronic wave-function 
is conveniently expressed in the form of a determinant, since inter- 
changing rows or columns of a determinant changes the algebraic 


sign, 
us (1) up(l) ... mm (1) 
us (2) иь (2) ... u,(2) 
Yas... n) -5 ua (8) ш (3) ... tn (3) 
ив (n) us (n) wu, (n) 


where y а, 2,.. ., n) ispolyelectronic wave-function and Ua, Up 
etc. are different single Particle wave-functions or orbitals. The 


states a, b,...,n are characterised by particular set of four 
quantum numbers namely in, l m, 


m and s. The factor л! is the 
normalising factor and arises becau: 


ing electrons 1, 2, etc, to states or 


can have the same fo 3 
tum numbers. M 


CEPR PUR 
*Merzbacher, E., Quantum Mechanics, John Wiley and Sons Inc. p. 426 
+» p. 426. 
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7.11.1 SPIN PAIRING AND COVALENT BOND 


Let us consider a system of two electrons. The non-spin part of 
the wave-function for hydrogen is written as 


+ = Ua (1) us (2) + ta (2) us (1) (1) 

4. is symmetric wave-function, since if we interchange electrons 

1 and 2 the wave-function remains unchanged. The other possible 
wave-function is given by: 

V. = us (1) иь (2)— us (2) w (1) (2) 


y... is antisymmetric, since it would change sign if we interchange 


the electrons. 
Further, it can be noted that the total wave-function is a pro- 


duct wave-function of the space wave-function y, and spin waye- 
function spin i.e. 
Protal = Wa. X spin 

we can introduce electron spin by terms « (if = }) or £ (if 
s = — 3). So that for two electron system, in which both elec- 
trons have parallel spins, we may write 

азып = = (1) a (2) t t Spin parallel in upward direction 

paspin = B (1) В (2) V 4 Spin parallel in downward direction. 
If two electrons have opposite spin, the interchange of electrons 
lead to two further functions: 

3 spin = ® (1) B (2) + « (2) B (1) resultant spins parallel 

Шазріп = ® (1) В 2) – « (2) B (1) resultant spins paired 
which arises in exactly the same way as the two space functions 


уу. Thus, 


ll 


y spin is symmetric, 
yia spin is symmetric, 
уз spin is symmetric, and 
{4 spin is antisymmetric. 
A stable hydrogen molecule has singlet ground state and is des- 
cribed by the wave function. 
V total = $y X Va spin 


= (ua (1) us (2) + иа (2) w (1) (= (1) В (2)—« (2) B (1)) 
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The repulsive state of the hydrogen molecule is described by the 
total wave function: 


a (1) а (2) 

Хоа = (иа (1) ty (2)— tta (2) us (1) | (1) В (2) 
a (1) В (2) + « (2) B (1) 
There are three symmetric wave-function hence therepulsive state 

or excited state of hydrogen molecule would be a triplet state. 

Thus if follows that it is a consequence of exclusion principle 
that spin pairing is essential for covalent bond formation. For 
the simplest case of И» as discussed above, the normal hydrogen 
atoms attract each other only when the spin of two electrons are 


antiparallel or paired, whereas, they repel each other when the 
spins are parallel. 


7.12 Energy of Molecular Orbitals 


Just as there is an order of filling of atomic orbitals; 

order of filling of molecular orbitals the lower energy 

ing filled first. The energies are in the following orde 
als <o*ls < 025 < g*2s < о2р < т, 
= т] 2р < o* 2р 


there is ап 
Orbital be- 
r*, 


2р = 7:2p < m. 2р 


Fig. 7.8. Pictorial representation of molecular Orbitals 
formed from atomi 


с orbitals, 


\ 
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In the case of homonuclear diatomic molecule we can give a 
simple pictorial representation of the angular variation of mole- 
cular orbitals when they are formed from linear combination of 
individuals atomic orbitals is given in Fig. 7.8. 

The molecular orbitals formed from 1s atomic orbitals have 
cylindrical symmetry about the internuclear axis. Such bonds are 
referred to as о-ропіѕ. Combination of two p. and p, orbitals 
show a quite different symmetry with respect to bond axis. These 
bonds are called z-bonds and since they can be formed from 
either p. or p, atomic orbitals, they are designated as л. and т, 
respectively. 

Examples of other types of overlap between various orbitals 
are given in Fig. 7.9. 


$-5(0) ю—р(о) з-р(о} 
р-р(») p-d (n) d -d(o) 
d-di”) d—d() 


Fig. 7.9. Overlap between s, p and d orbitals. 


CHAPTER 8 


Small Inorganic Molecules 


In this chapter we shall discuss the application of M.O. theory to 
following molecules. 
a) Homonuclear diatomic molecules viz., Liz, Be», B2, №, O2 
b) Hetronuclear diatomic molecules viz., HF, NO, CO, LiH 
с) Tri and tetra atomic molecules like H0 and МН; 
We would discuss the М.О. theory for complex molecules in 
order to predict, 
i) The electronic configuration of the molecule 
ii) Stability of the molecule. 
iii) Multiplicity of the ground state. 
iv) Magnetic character 
v) Relative values of binding energies and bond lengths. 


8.1 Homonuclear Diatomic Molecules 


We will use the molecular orbital energy level diagram as discussed 
earlier. The electronic configuration of the molecule is described 
by putting the electrons in various energy levels following Pauli 
Exclusion Principle. Thus the lowest available molecular orbital 
energy level would be first occupied bya pair of electrons. We 
give the M.O. description of a few diatomic molecules. 


The M.O. energy level diagrams for typical molecules are given 
in Fig. 8.1, 
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Fig. 8.1. M.O. energy level diagram of homonuclear 
inorganic molecules. 


In order to guess whether a molecule would exist or not, it is 
necessary to calculate bond order which is defined as follows: 


No. of bonding electrons — No. of antibonding 


t 
Bond order eleci rons 


A molecule would be non-existent if the bond order is zero. 
Using this criterion it is obvious that all the above diatomic 
molecules would be stable except Hez and Bez. It is also obvious 
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that greater the bond order, greater is the binding energy and 
shorter is the bond. Further it should have the largest binding 
energy and the shortest internuclear distance of all the homo- 
nuclear diatomic molecules. Table 8.1 shows that this is just the 
case. It is also obvious that bonds in NZ would be weaker and 
longer than that in №. On the other hand bond in O7 would be 
stronger and shorter than in Op. 


Table 8.1 M.O. description and parameters of diatomic molecules 
еза Бай ZW Binding Inter- Multipli- 
energy nuclear city of the 


Molecule M.O. description (eV) distance ground 
A state 
T ней, pri c qm. KK not observed 
Lis KK 02s? 1.03 2.67 1 
Be: KK 025° о* 25° not observed 
в. KK 02s? o* 25° о2р? 3.0 1.59 3 
(e KK 02s? 0*2 5° o2p? 
a 2p! т 2p! 5.9 1.31 1 
Ne KK 025° с* 2sta2p2 
т2рут2р+ 956 1.09 1 
O: KK 02s? о* 2з%а2ру т 2р? 
7 2р2 т* 2р! т*2р\ 5.08 1.21 
Fi KK 02s? o* 25° о2р? т 2p? 
т2р; я* 2p? т* 2p? 1.6 144 1 


KK denotes 015° c*15? and the superscripts denote the number of electrons 
in the particular energy state. 


Molecular orbital energy level diagram also gives an insight 
into the nature of bonds. Thus it easily follows that in №, out 
of the three effective bonds, one is a ¢-bond and the other two 
are 7-bonds. We can also find out the number of unpaired elec- 
trons in the molecule, which determines the magnetic character 


of the molecules. Thus, N2 should be diamagnetic whereas Oz 
and Ni would be paramagnetic. 


8.2 Heteronuclear Diatomic Molecules 


Even for heteronuclear diatomic molecules AB, the molecular 
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orbital in the region of each atom will resemble an atomic orbital 
on that atom. Hence we assume that the molecular orbital will 
be a linear combination of atomic orbitals (L.C.A.O.) which we 
may write as follows 


b= Ca da + Ca do (8.1) 


where ул and ув are the atomic orbitals and C4 and C; are con- 
stants so chosen that the energy of the molecular orbital in mini- 
mum. Little or no combination occurs unless the following 


conditions are satisfied. 

i) фа and ув are orbitals of similar energies for the isolated 
atoms, 

ii) The atomic orbitals should overlap as much as possible, 

iii) the atomic orbitals must have the same symmetry with 
respect to internuclear axis 4-В. 

For a homonuclear diatomic molecule C4 = Cp but this is not 
so for hetronuclear diatomic molecules. The polarity of such 
molecules is due to the fact that C4 and Св are unequal and if 
C7/Cj is very much different from unity, the molecule will have 
an appreciable dipole moment. C2/C? is a measure of polarity of 
this molecule. When the ratio is exactly unity, this corresponds 
to a covalent bond. When it is less than unity, the bond has a 
certain ionic character also. 

We shall discuss HF, CO, NO, and LiF in greater-detail. The 
M.O. designation of these molecules can be done in a manner 
discussed earlier. Thus HF and NO may be represented as 


follows: h 
Н (15) + Е (15? 252 2р5) — HF [152 с 2s? o 2p2 7 2p? 7 2p?) 
N (1s? 2s? 2р3) + О (152 252 2p*) > NO [KK с 252 o* 252 о 2p? 
т 2р2 т2р? т* 2pj] 
The molecular orbitals у, and у. for HF, using equation (8.1) 


can be written a5: 


d, = N [15 (H) + А 2р ©) (8.2) 
and d, = NS(H)- 3 2р (Р) (8.3) 
where N is the normalisation,constant, ^, and Az are constants. 


do < 1 but Ar > 1. The M.O. diagram may be represented as in 


Fig, 8.2. 
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Fig. 8.2. М.О. diagram of НЕ. 


It should be noted that the 152 and 252 
energy much lower than of Hydrogen ls orbital. The bonding 
molecular orbital results from the overlap of a 2p orbital of flu- 
orine and 15 orbital of hydrogen. The bonding M.O. is polarised 
80 that the larger fraction of bonding electron density is near the 
fluorine atom. The calculation shows that HF bond distance is 


0.92 x 10-8 cm, whereas this charge on hydrogen atom and flu- 
orine atom is +- 0.43 and — 0.43 respectively. 


orbitals of fluorine have 


40:43 0:43 


0.92 x 1058 cm 


Molecular orbital wave fu 


nction for CO can be written as 
follows: 


te = 0.47 [2p (С)] + 0.77 [2p (O)] (8.4) 
since 2p orbitals of carbon as 


well as oxygen have similar energy. 
N2 and CO are isoelectronic. 


Further, for No, we have 

Ya = 0.62 [2p (№), + 2p (М) (8.5) 
where A and B refer to the tw 
In LiH, molecule, overla 
and 1s orbitals of hydro 


9 atoms of nitrogen, 
р between 2s and 2p orbitals of Lithium 
gen is possible, Accordingly we have, 


фин = 0.700 [1s (H)] + 0.328 [25 (Li)] + 0.204 [2p (Li)] (8.6) 
8.3 Polyatomic Inorganic Molecules 
One of the more outstanding success of the 


approach to molecules has b 
geometry. In terms of valen 


< quantum mechanical 
een in the prediction of molecular 


ce bond theory, a covalent bond is 
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imagined to be formed as the result of pairing of the two electrons 
in atomic orbitals of two different atoms. The bond is supposed 
tolie along the direction in which the orbitals overlap. The 
strongest bond would be formed in the position which permits 
the maximum possible overlap between the two orbitals. 

The concept of electron pair bond has been widely used in 
modern chemistry. Such bonds are assumed to retain their iden- 
tity regardless of what the rest of the molecule excluding the bond 
is like. Such an assumption is justified by (i) the prediction of 
thermodynamic properties based on bond energies and (ii) the 
use of bond frequencies in JR spectroscopy for identification of 
unknown compounds. In quantum mechanics also, bond eigen- 
functions are widely used. We will discuss the use of bond eigen: 
function in relation to water molecule. 

Oxygen atom in the ground state has the electronic configura- 
tion 

Is 2s 2p 
12222p ог | { [А1 ТАТУ Levi tlt 


where we have two unpaired electrons. These two electrons can 
be used to form bonds with other atoms. The wave function 
for the water molecule can be thought of asa product of two 
bond eigenfunction so that 


Ymo = Vou: Yon 


where 


он = N [2p (O): das (Н) + Ҹә» (H) tis (0)] 


where (O) represents this electron associated with oxygen nuclei 
and (H) represents this electron associated with hydrogen nuclei 
and where there is a possibility of interchange. In order to obtain 
a maximum possible overlap between 1s orbitals of the hydrogen 
atoms and the 2p, and 2p, orbitals of the oxygen atom, it is 
necessary for the electrons of H orbitals and that of oxygen orbi- 
tals to overlap along x and y-axis. This is shown in Fig. 8.3, 
which indicates that / HOH should be 90°. 

The experimental value, however, is 104.31°. According to this 
model, the binding energy of the water molecule should be twice 
the energy of an OH-bond. This is approximately correct. The 
above treatment was refined by Ellision and Shull (1953-55) who 
used self-consistent field orbitals instead of atomic orbitals. The 
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Fig. 8.3. Schematic representation of overlap in water molecules. 


calculated values of bond angle and dipole moment of water 
molecule were found to be 105° and 1.52 D respectively. The 
latter is in poor agreement with the experimental value (1.83 D). 
Further refinements were made by Duncan and Pope using hy- 
brid orbitals. 

The valence bond approach can be applied to triatomic mole- 
cules of similar nature such as HS, H2Se and H;Te. Further, 
the method can be applied to other complex molecules like МН}, 
PH3, AsH; апа SbH3. We will examine the case of NH; asa 
typical case, where the 15 orbitals of the hydrogen atoms overlap 
with the p-orbitals of N atom, we note that N has the following 
configuration, 

152 252 2p! 2p! 2p! 


The molecular wave function would be the product of three NH 
bond eigenfunctions, so that 


jun, = Ynn Ynn Yna Р 
where Ynn = N (2, (№) pis (Н) + Jo; (Н) y. (N)} 


In order to obtain maximum overlap the 1s orbitals of hydrogen 
must overlap p orbitals of nitrogen along x, y and z- 
would lead to overlap in the following m 
Z HNH equal to 90? as shown in Fig. 8.4. 


axis. This 
anner with a bond 


H 


Fig. 8.4. Schematic representation of overlap 
in ammonia molecule. 
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8.4 Hybrid Orbitals 


We have seen that Ji, Ja», 2s are acceptable solutions of the 
appropriate Schródinger equation for hydrogen like atoms. I 

order to explain bonding in certain compounds such as mecha 
ВСІ; and ССІ; it is necessary to look for the other possible sol i 
tions of Schrédinger equation. It is known that combination of 
solutions of a differential equation are also a solution of the 
differential equation. The best way to guess alternative solutions 
is to start with a combination of these orbitals as solutions. In 
this fashion two or more orbitals can be combined to yield E hy. 
brid orbital. We shall examine the new wave functions obtained 


by combining two orbitals. 
a) COMBINATION OF 15 AND ONE 2p ORBITAL 
The new wave functions for the two electrons involved for 
such a case are given by 
yi = Си ys + Cia bp (8.7) 
Ja = Cu {з + Cn tp (8.8) 
The coefficients can be evaluated by applying normalisation and 


orthogonality theorem. Thus, 


vi dr = [ei y? de + 2Cu Cia [ibe d dr + (Ch peel 


Further since, 
fe Jrd; [e dr = 1 and j^ paa 


we have 
Chit Ca] (8.9) 
Similarly, using normalisation condition for 2, we would get 
Cht Cid (8.10) 


J^ yo йт = 0, we have 
Cu Cu + Cr C2 = 0 (8.11) 
(8.10) and (8.11) taken together yield, 


Further since 


Equations (8.9). 
1 
\си = +1С21=1С1= [C23] = Va (8.12) 
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From the view-point of directional bonding, we are only interes- f 


ted in angular dependent part, and for this purpose we simply 
write 


1 
[eH (8.13) 
Js 7 


Yop = ДЕ cos ф (8.14) 


пт 
where the radial part has been ignored. Thus, 
Р 1 


1 f 
h= з= #: + gh 
= JE yz + 4/3 cos $) 
1 E НЕР 
T "qz c ere 


90° f 90 
270* 


Fig. 8.5, Angular variation of sp hybrid Orbitals. 
5p hybrid orbitals c. 


diagram for the latter 


st Hg ci 
< 


Fig. 8.6. Orbital picture of bending in HaCl;. 


^ 
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b) COMBINATION OF 2s AND TWO 2p ORBITALS 


Since in this case wave-functions for three electrons are com- 
bined, the appropriate hydrid wave-function can be written as 


| nh. 
(hoo), = рр Y> + К! Ed (8.16) 


, De 1 
Qu) = Тер ру m I 


1 1 1 
(s); = Ta ts- TE Yop, + 43 P» (8.18) 


where the constants are determined in the usual manner. 

The wave functions or the electron density for the three orbi- 
tals can be plotted against this angle ф as was done for the case 
of sp hybrid orbital. Each orbital yields a lobe making an angle 
of 120? with the lobe due to other orbital. Thus angular varia- 
tion of sp? hybrid orbitals is depicted as follows (Fig. 8.7). 


с! 


(a) sp? hybrid orbital (b) Geometry of ВСІ 


Fig. 8.7. sp* hybrid orbital of boron in boron trichloride. 

can be explained by assuming the exis- 
hich predicts trivalent character of 
etry of its compounds. Thus orbi- 
resented as shown in Fig. 8.8. 


Bonding with boron atom 
tence of sp? hybridisation w 
Boron and trigonal planar geom 
tal diagram of BF3 would be rep 


2s AND THREE 2p ORBITALS 


c) COMBINATION OF ONE 
to, t3, t4 are formed by such а combi- 


Four hybrid orbitals їз, 
nation. These are 


we i ES a8 Yor. (8.19) 
1 42 
cO 4 dam ayy bare tg Pr (8.20) 
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1 1 JM zal 8.21 
Vis 2 #»— > Pap, 7 43 узр, 46 Hr, ( ) 


1 1 1 1 8.22 
eee Pe qr ww е йы — 022 


Angular variation of a single tetrahedral orbital would be repre- 
sented as 


F F 


Fig. 8.8. Orbital diagram of a bonding in ВР. 


SS. А 


Fig. 8.9. One of the 5p* hybrid orbital of carbon in CH.. 


and carbon sittingat the centre. 


This type of hybridisation is called 
sp? hybridisation. 
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Table 8.2 Hybridisation and shapes of molecules 


sp 2 Linear HCl; 
sp? 3 Planar triangle BF: 
sp? 2 V-shaped (1207) SnCl; 
sp 4 Tetrahedron CH; 
t 3 Trigonal pyramid NH; 
x z V-shaped (109.5°) он» 
E 1 Linear FH 
spd 5 Trigonal bipyramid PCI; (gas) 
© 4 Irregular tetrahedron SCl, 
it 3 T-shape CIF; 
2 Linear ICI; 
зр? d* 6 Octahedron SFs, PF, 
A 5 Square pyramid IF; 
Е 4 Square ICI, 
sp? d* 1 Pentagonal bipyramid IF; 
4 Irregular octahedron SbBr, 


APPENDIX: ELECTRON REPULSION THEORY 

A theory based on purely electrostatic considerations called 
«Electron Repulsion Theory’ is sometimes very useful in predict- 
ing molecular geometry. The theory is based on the fact that 
electrons tend to avoid each other as much as possible. There 


are two reasons for it: 
i) There js a strong 
ii) Any two electrons W 
other since such electrons 


force of repulsion between electrons. 

ith the same spin tend to avoid each 

would have almost zero probabi- 
f : еіп the same region of space. The molecular 
lity of ашшы челе, be essentially. influenced by the 
pe А electron pairs according to the following table. 

a uan eben ay differ from case to case since 


dangle m 
lone-pair-lone pair repulsion < lone pair-bond pair 
< bond pair- 


repulsion bond pair repulsion. 
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The above concept is useful in explaining the molecular geo- 
metry. Table 8.3 shows how the number of electron pairs in- 
fluence the molecular geometry. 


Table 8.3 Molecular geometry and electron pairs 


No. of electron pairs Molecular geometry 
Two Linear 

Three Trigonal 

Four Tetrahedron 

Five Trigonal bipyramid 
Six Octahedron 

Seven 


Pentagonal bipyramid 


CHAPTER 9 


Symmetry of Molecules and Orbitals 


Molecular orbital treatment is fairly simple for small molecules. 
However, it becomes complicated when we deal with complex 
polyatomic molecules. For example in SFs, we have to take into 
account the bonding between one 2s, three 2p orbitals for each 
fluorine atom and one 3s three 3p orbitals of sulphur atom so 
that 28 orbitals would be involved in the problem. In order to 
determine the energies of each of the 28 resulting M.O.'s and 
28x28 — 784 coefficients one has to solve 28 x 28 determinant. 
This is humanly not possible and only high speed computors are 
capable of accomplishing it. 

In order to simplify the M.O. treatment, symmetry consideration 
are used as a first step since we know that only orbitals having simi- 
lar symmetry can be combined by L.C.A.O. to yield M.O.’s. Thisis 
not easy to do by simple inspection. For this purpose, symmetry 
consideration coupled with concepts of group theory are employ- 
ed. We shall first discuss the former. 


9.1 Symmetry of Molecules 


A molecule may possess several elements of symmetry which may 
include. 
i) axes of symmetry, 


ii) planes of symmetry, and 
iii) an ‘inversion. centre’ or centre of symmetry. 
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MMETRY 

s US deed as an axis around which rotation of the 

molecule by a certain angle produces an equivalent configuration 

of the molecule. The axis of symmetry for the water molecule 

lies in the molecular plane and bisects the angle PH (Fig. 9.1) 
l since the symmetry operation of rotation by 180° about the axis 

leads to interchange of the two hydrogen atoms. The configura- 

tion of the molecule remains unchanged. 


Axis of symmetry 


Fig. 9.1. Axis of symmetry for water molecule, 


We characterise the symmetry axis by its order which is defin- 
ed as follows: 


А 360 
order of symmetry axis — c^ 


where 0 is the number of degrees through which it is necessary 
to rotate the molecule to Produce an equivalent configuration. 


Thus for water molecule the order of Symmetry axis is 360 2 


180 — ^ 
and the Symmetry axis is represented by C; where C 
the symmetry operation and 
In the same manner, Н; 


The symmetry axis o 


€ would have C, and 
nd Thiophene w 
hown in Fig. 9.2 


Ce symmetry res- 
ould have C; symme- 
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Nim quo 


Fig. 9.2. Molecules with C, symmetry. 


The symmetry axis of a linear molecule like НСІ coincides with 
the molecular axis and hence it possesses a Сы axis of symmetry. 
There are an infinite number of rotation operations about the 
symmetry axis which produce equivalent Configuration of the 


molecules. 


9.1.2 PLANE OF SYMMETRY 
It is defined as a plane through which reflections of all the 


atoms of the molecule produce an equivalent configuration of the 
molecule. For example, water molecule possesses two such planes 


(a) and (b), as shown in Fig. 9.3. 


(b) 


(a) Plane o! symmetry 


Plane of 
sjmmetry 


ov 


Fig. 9.3. Axes of symmetry of water molecule. 

lar plane and (a) is perpendicular to it passing 
f symmetry. These are called vertical planes 
he C2 axis. 

metry plane is o and for a vertical plane 
tiate between two such planes as (a) 


presented by с, 


(b) is the molecu 
through the axis о 
since these contain t 

The symbol for a sym 
is o,. In order to differentiate 
and (b), the molecular plane is ге 


OR INVERSION CENTRE 


9.1.3 CENTRE OF SYMMETRY à А 
hrough which a molecule may invert- 


It is defined as the point t 
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ed so as to produce an equivalent configuration. It is denoted by 
i, which also indicates the operation of inversion of the mole- 
cule. 

It should be noted that the water molecule does not possess 
such an element of symmetry. A regular octahedron possesses an 
inversion centre. ССІ; would have no inversion Centre. A linear 


molecule АН» possesses an inversion centre which is the centre 
of atom А. 


9.1.4 IDENTITY 

The identity operation is associated with the symmetry opera- 
tion which leaves the molecule intact thus producing an equival- 
ent molecular configuration. It may be noted that this particular 
symmetry operation is trivial. However, it is mathematically 
necessary, from the view point of group theory. It is denoted by 
the symbol Е. 

These symmetry elements are used to classify the molecular 


shapes and molecular orbitals. For this purpose, group theory is 
of considerable help. 


9.2 Group Theory 


We shall first define the term ‘Group’. A group obeys follow- 
ing four conditions: 

i) In general A x B 5 Bx A which means that the operation 
B followed by operation A is not necessarily equivalent to the 
operation 4 followed by operation B. The operation could be 
addition, subtraction, multiplication or movement. 

ii) In each group, there exists an identity operation E such 
that for any operation involving the group. 

AXE=EXA=A 

iii) For each operation A there exists in the group an inverse 
operation 4-! such that 4-1x 4 = Ах 4-1 = E. 

iv) tlie associative law of Mathematics holds: 


AX(BxC) — (Ax B)xC 


To illustrate the meaning of Group we shall give a few examples, 
а) Set of integers 0,+ 1,42, +3, + 4 constitute a group 
with respect to binary Operation of addition. For this group 


— 
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identity E is 0 and A^! for an integer is the integer with an ор- 
posite sign. It is also obvious that (iii) holds for the set of inte- 
gers and hence the set is a group. 

b) A set of non-zero rational number 1,2, 3, 4,..., 3, 4,4 
also form a group with respect to binary multiplication opera- 
tion. 

We will now show thatthe symmetry elements discussed above 
also constitute a group. We take the case of water for illustra- 
tion. А 

H30 has four symmetry operations as discussed earlier; 


E, C2, oy and о, 
The operation of one vertical mirror plane o, followed by the 
operation of the other vertical mirror plane is equivalent to two- 
fold operations, that is, 
e, Xo, = C2 (9.1) 
Similarily the successive operations of C» followed by c, yields 
the same result i.e. с, operation so that 
o,XC, = c, (9.2) 
Each of the four operation has its own inverse for example 
o,Xo,— E (9.3) 
Just as the ordinary multiplication results are expressed by 
mathematical Tables 9.1(a) in the same way, we have group multi- 


Table 9.1. Normal multiplication table and group multiplication table 


6 12 24 36 48 оу o о, Е je 
8: 16 32 48 6&4 о, v, в GE 
(a) Multiplication table (b) Group multiplication table 


The table (b) contains the product 4x B for the indicated operation. It 
may be noted that each symmetry operation is represented in each column 


and each row only once. 
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plication Table 9.1(b) which summarises the results of successive 
operation. The product operations for С» group are summarised 
in the form of Table 9.1(b). An ordinary mathematical multiplica- 
tion table is given on the right hand side for comparision. 

From the group multiplication table, it follows that 


С,Е =С,= ЕС, andso on 


so that the operations are commutative. 

The elements of symmetry of a molecule can be ascertained 
from its structure. This knowledge is of little use for the purpose 
under discussion. It is more important to consider the effect of 
the symmetry operations on the atomic or molecular orbitals. 


9.3 Symmetry Operation of Orbitals 


Let us consider the effect of symmetry operations on the valency 
orbitals of the oxygen atom in the water molecule. Since the 2s 
orbital of oxygen has spherical symmetry it will be unaltered by 


Table 9.2. Multiplication table of p-orbitals 
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rotation or reflection with respect to its centre. The effect of the 
other operators on the three 2p orbitals are summarised in 
Table 9.2. 

It can be seen that each operation restores each orbital to its 
original position, but sometimes with a change of sign. When an 
operator generates a new orbital identical in position and sign 
with the original, the effect of the operator issame as multiplying 
the original orbital by + 1. Similarly when the operator restores 
the orbital to its original position, but with a change of sign, 
this is the same thing as multiplying the orbital by —1. These 
numbers are simple examples of matrices each of which represents 
the action of operator. The operations shown in Table 9.2 can be 
written as follows: 


р, = C2 (ру) = (-1) Py (9.4) 
р, = o, (р:) = (+1) р: (9.5) 


The effect of the operators of the C», group оп the oxygen orbi- 
tals has been summarised in Table 9.3 


Table 9.3. Group multiplication table for oxygen orbital 


E Cs а, (xz) e, (yz) 
2s +1 +1 н. +1 
2p. +1 -1 T1 =4 
2p, +1 =i -1 +1 
2р, +1 +1 T1 T1 


9.4 Application of Group Theory to Simple Molecules 


It is possible to classify the orbitals of a bent molecule (AH2) in 
terms of whether they are symmetric or antisymmetric to the 
y operations associated with the elements of the 
e molecule. There are in fact, only four different 
Is possible which are independent of each other 
in this respect. These are given in Table 9.4. 

As in the former case +1 denoted that the orbital is symmetric 
to the particular operation and —1 denotes that the orbital is 
antisymmetric to the particular operation. It follows from the 
comparison of the two tables that the symmetry character of 2s 


four symmetr, 
symmetry of thi 
classes of orbita 


Table 9.4. Character table of molecular orbitals of AH; 


Symmetry symbol E C. oy (xz) с, (уг) 
" +1 +1 41 +1 
d +1 41 ži E 
bi 41 ij +1 =] 
b. +1 =I EL + 


and 2p. orbitals is a,, whereas that for 2p, and 2p, orbitals, the 
symmetry characters are by and bp. 

Thus, the symmetry character of atomic orbitals involved in 
bonding in bent AH; molecule (90°) are as follows: 


Orbital Symmetry character 
5 а 
Central atom | 22х by 
2py b: 
2p. а 
Orbital Symmetry character 
Hydrogen atom & (5) а 


G; (S) b2 

where G; and G2 denote the linear combination of wave-functions 
of the two hydrogen atoms. With the above knowledge about 
the b; symmetry character of orbitals, we can at once decide 
which orbitals should be excluded from participation in any 
combination. It is obvious that out of all orbitals, the symmetry 
character of р, orbital of the central atom does not tally with the 
symmetry character of the hydrogen atom. Therefore, p, orbital 
is a non-bonding orbital. 


Hence following linear combination of atomic orbitals may be 
written 


Vm qe» (A) + Gi) (9.6) 


dm Je Wr (A) - 6) 09.7) 


Pg 
#›= qu Wr, (A) + G) (9.8) 
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= (у, (A) — G2) (9.9) 

The non-bonding orbitals are the following: 
V3 = s (A) (9.10) 
V, = bo: (A) А (9.11) 


In writing the above M.O., as orbitals having similar symme- 
try character and energy have been combined. 

Bonding characters of molecular orbitals in a bent AH? mole- 
cule are summarised below: 


Orbital Character Symmetry 
V. antibonding b; 
y; antibonding Gz 
Ja non-bonding bi 
E 7 ы 
DA non-bonding ai 
PA bonding 02 
yi bonding ai 


The above example demonstrates in asimple way the application 
of ideas of group theory in writing down the molecular orbitals. 


CHAPTER 10 


Large Organic Molecules 


We shall now discuss M.O. method for treating large organic 
molecules where we have to depend on methods which make 
use of approximations. Electron density, bond order and free 
valence can be calculated using such method. Following mathe- 
matical steps are essentially involved in this method. 


1) The molecular orbital ¢ is represented by a linear combina- 
tion (LCAO) of the atomic orbitals Rasa; coe eis 


ф= а + с Х 4 (10.1) 
2) The coefficients of the atomic orbit 


als (viz. с, c, .. .) are 
so chosen that the energy E = f ¢, H4 


йт 4? dr is minimum. In 
order to achieve this objective X is put equal to zero for all 
і 


values of i. 


alculations for ethylene, 
calculations become in- 


Ory to z-electron systems 
by considering only orbitals 
У necessary to consider the 
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linear combination of z-electrons alone since o-electrons have 
different symmetry as we haveseen earlier. Thisapproach is called 
Hackel Molecular Orbital theory (HMO). However, accurate 
calculations indicate that it is not quite correct to ignore o-elec- 
trons. Inspite of this the simplified approach yields useful results. 

We shall first discuss the molecular orbital treatment of ethy- 


lene. 


10.1 Ethylene 


The ethylene molecule contains twelve valence electrons. Out of 
these, ten form o-bonds with which we will not be concerned. 
We will consider the remaining two z-electrons which form a 
single z-bond between the two carbon atoms of ethylene, 


pia uite 
b mes 


If X, denotes the p. atomic orbital on carbon one and X5 on car- 
bon two, then a linear combination of these two р; atomic orbi- 
be represented by a molecular orbital thus: 


$ = cı Xı + с X2 (10.2) 


tals will 


The energy £ of the molecular orbital is given by, 


[ (c1 Xi + ох) H (c1 Xı + со) dr 
E=: (10.3) 
| (ei X1 + с Х2)2 dr 


The integral on the r. h. s of equation (10.3) on expansion would 
involve integrals of the type f X1 HX, dr, f X1 H X5 dr and 
f Xi X2 dr. For many purposes, it is sufficient to present the 
results in terms of these integrals. We discuss below some of the 
properties of these 
We put, [анаа = а 

| 6X dr = а (10.4) 
where a; and o2 аге coulomb intgrals. 

Further, we put 


[анха Ba 


| X; H Xi dr = By (10.5) 
[3e -s- f ka dr 


. Where B and S are respectively called resonance and overlap 
integrals. 

The Coulomb integral «; represents the energy of electron 
belonging to carbon atom one. This energy is due to this attrac- 
tion between the electron and the atomic core of carbonone. At 
an infinite distance from the carbon atom the energy would be zero 


accordingly « and х2 at a finite distance from the atom are less 
than zero so that 


«4« 0 and a<0 


Since the two carbon atoms in ethylene are equivalent it is reason- 
able to put 


ai = а2 = 05 Bin = Bai = В (10.6) 


Such а relationship is not restricted to the case of two equivalent 
atoms alone but is valid in general. Further, it can be shown that 


Bi2« 0 and 4-0 


The overlap integral S indicates the degree of overlap of two 
atomic orbitals X, and X 


; 2. It can have values between 0 and 1. 
For adjacent carbon atoms in benzene S is found to be equal to 
0.25. However, S decreases rapidly as the distance between the 
atoms increases. 


Now, we proceed with the explicit evaluation of Е. This we 
have from equations (10.3) and (10.6), 


E= | (c2 с2 XQHX, + C102 X, HX» +. €201 X3 HX, + 2 Х›НХ) dr 


[e XT сісу + c2c1X2X; + c2X2) dr 
$r cia + veo + [ 1: Ta 
== e 65 0 
ci + aS Fags сї (10.7) 
- lc? + с] + 2сус›В 
et 201025 + сї 


ПОО T 
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Applying the condition for minima, i.e. 


and f —0 (10.9) 


on differentiation of equation (10.8) with respect to c; and using 
equation (10.9) we have, 


ES [02 + 28 с25 + с] + Elei + 26 5] = 2ci« + 2c2B 


or Е(2су — 20 8) = 2619 = 2e 
or cı (а Е) + e(B - ES) = 0 (10.10) 
Similarly differentiating equation (10.9) with respect to c» and 
putting àE/0ca = 0, we get 

ôE 


aa [c? + 212 S + єз] + Elci S + 2сз] = 2c2% + 2e. 
or Е (2 су 5+ 2 с) = 2с›ж--2с\В 
ог cı (B— ES) + с («— Е) = 0 (10.11) 


For the sake of simplicity we assume that S = 0. 
The above equations then yields, 


ci («—E) +a B =0 

cı B с (8-Е) = 0 (10.12) 
These equations are satisfied if cı = ca = 0. If this is not so, 
then 


pd |= (10.13) 
В a—E 
The above is a secular equation. Thus, we have 
(a— Е)2— B? = 0 

ог («— Е + В) «– E- В) = 0 (10.14) 
Consequently, one will get the two roots E; and E» given by 

c cad (10.15) 
ас Eye жер (10.16) 


On putting the value of Е, in equation (10.12), we have 
са В-с В = 0 (10.17) 
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Since B = 0, we have сү = c; 


Further, the molecular orbital must obey the normalisation 
condition so that 


fe dr = fce: X, + о X)? dr = 1 
or Е dr + с ECEE в [%%ат=1 (10.18) 


By using the normalisation condition for atomic orbitals, we have 
from equation (10.18) 


с + с 2060 5 = 1 (10.19) 
Further since 5 — 0, we get 
e G1 (10.20) 
Hence it follows that 
€; = с = 7 (10.21) 
The molecular orbital related to Ei = « + В willbe called $i. 
Hence, 
1 
= —— (X X: 2 
$1 43 (+ X) (10.22) 
Similarly the molecular orbital associated with Ez — «— B would 
be called ¢2 which can be shown to be given by 
1 
ф = уз 61-99 (10.23) 


Wo of the z-electrons may be promoted 


to the orbital 4», then the energy of the excited state would be 


either 


Wa Et = 2 op Ws 2E, = 24—28 (10.25) 
Pictorially it can be Tepresented as, 
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Ex a— В 
$*992597922€*5 a 
ty 
E a+ В 


Fig. 10.1. Orbital picture of MO’s of ethylene. 


10.1.1 MOLECULAR ORBITALS AND CHARGE 
DISTRIBUTION IN ETHYLENE 

We can plot $? and 42 as a function of distance in the follow- 
ing manner using equations (10.22) and (10.23). This is done in 
Fig. 10.2. In the diagram, 1 and 2 refer to the two carbon nuclei 

There is a marked difference between $i and ¢3 regarding the 
behaviour of these functions at the middle point of the carbon- 
carbon bond where $3 is zero. Consequently 4; is а bonding- 
orbital and ¢2 is an anti-bonding orbital. 


10.2 Butadiene 


Butadiene has four a-electrons which move іп the molecular 


k of four carbon atom. We will ignore the electrons 


framewor 
forming o-bonds and will consider four 7-electrons only. 
| | 
Ne = C-C = с^ 
ЕЕЕ 45 


The four carbon atoms of the butadiene molecule 1, 2, 3 and4 
have 2 pz atomic orbitals denoted by X, Xo, X5 and X4. The mole- 
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ge 


1 2 


Fig. 10.2. Probability distribution functions of molecular 
orbitals of ethylene (abcissa 


represents this 
internuclear distance). 


cular orbital ¢ is represented as usual b 


y a linear combination of 
these atomic orbitals as follows, 


ф = eX, + ох, 4 сз Хз + c4 X4 (10.26) 
We will now evaluate the Coefficients с, C» сз, c4 and the 


energy E associated with each orbital ф. In order to Obtain E, 
we shall minimise the following expression, 


flax + с Х + c3 X3 + са X4) Н (c X, + с, X; 
E + сз Хз + c4 X4) dr 
fe Xy + с + сз X3 + cy X4)? dr 


à (10.27) 
The denominator is given by 


fee Х.с + e3 Xa + с, X4)? dr 


he an Qn a fx dr + à pa dr + à paa 
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+ сүс? [% X5 dz + c1 c3 [xixa dr + сүс [n X4 dr 


+ оа Граха €2 сз х, анс [x2 Xadi 


+ сз с [х,х dr + сз с2 [еа + сз са fex 


dco IL X dr + са c2 |х, X dr + сзсз [xs X3 dr 
(10.28) 


The normalisation condition for atomic orbitals yields 
[е = [x3 ans fx dr = Га dr = 1 (10.29) 
We denote the overlap integrals between as two atoms r and s 
by S,s given by 
СЕ f X, X, dr (10.30) 


We further assume 
1) For two adjacent atoms: 


Sn = $ = S3 = 532 = S34 = Sa = 5 (10.31) 
2) For two non-adjacent atoms 
Sia 531 = Sig = Sa = $4 = Sa —0 (10.32) 
Thus, the denominator becomes 


[е dr = 0 + + @-+ + 2 (c1c2 + c2 сз + сз 04) S 
(10.33) 
For the sake of simplicity, we put S = 0, as assumed earlier 


so that 
је dr = с + с + с + с (10.34) 


The numerator of r.h.s. of equation (10.27) is given by 
[ех + с Xa + сз Хз + са X4) Н (ei Xi + с 2 
+ сз Хз + c4 Ха) dr 
= Ф| анка + св [онъа + сув; [sme 


tac [Xi HXadr 
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Тее [анхаа |на $ сс [Xa H Xs dr 
te ei | X2 H хаа 
Eres a | Xs HX dr ao | хан dr td [Xs HX dr 
to | X4 H Xs dr 
+ сд с f X4 H Xı dr + caer | X4 H Xa de Haa 


рен dr + 03 [X HX d: (10.35) 


We know that 


[xax dr = | XH Xa = |на 


[x xs i m (10.36) 


This is, of course, a crude approximation because the end atoms 
are obviously different from the central atoms. Further, we have 


Biv [ HO dris [x nx dr = Bn, (10.37) 


Ва = Boi = Вз = Bx = Bu = Ba = В (10.38) 


Bis = Ви = Ви = Ви = Bos = Во = 0 (10.39) 
for non-adjacent atoms. Thus, 


the numerator = « (с + с + с + c) + 28 + 


and 


(су c2 + c2 сз + сз c4) (10.40) 
Hence, equation (10.27) is reduced to 


Е (1+ + B+ amalat а с) 
+ 28 (ci со + со су + сз сд) (10.41) 


On differentiating E with respect to c, we have, 


x (i dc dtd Ба Е = 201 4 268 (10.42) 
1 


дЕ 
N tti uec. nr 
ow putting 2 
we get 


GE = со + c (10.43) 
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Similarly on differentiating equation (10.41) with respect to c; 


єз and c4 and then putting _ 0; 25 0 and 2 0 
respectively, we get 
оЕ = с + с В + сз В (10.44) 
Е = ea + со В + са В (10.45) 
and сЕ = cq + сз В (10.46) 
On rearranging following four equations are obtained, 
с (x—E) o B=0 (13.47) 
cı В + со (к Е) + c3 B =0 (10.48) 
в B + ¢3(a—E) + e B = 0 (10.49) 
c3 B + сл (а E) = 0 (10.50) 
The solution of these equations lead to, 
a—E B 0 0 
B a—E B 0 
i da. =0 (10.51) 
0 0 B а- Е 


Dividing all the terms іп the determinant by 8 and putting 


E = w equation (10.51) yields 
Jis! alot ett 


1 в 1 0 
0 1 w 1 
0 0 1 

rminant by the usual procedure we 


w 


On expanding the above dete 
get the following secular equation 


wt 30? +1=0 


" (oral) e-1)m9 ~~ +, 70032) 
@ „да. кирне ог ые (10.53) 
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The four-roots are as follows, 
c1 = — 1.618; w2 = — 0.618; з = 4- 0.618 and «4 = 1.618, 
where 4/5 — 2.236068. 


By substituting the appropriate values of w, we get the follow- 
ing four equations, 


E, = а + 1.618 B (10.54) 
Е, = а + 0.6188 (10:55) 
Ез = «—0.618 B (10.56) 
Е; = «— 1.618 8 (10.57) 


and cj = сз 
Using the normalisation condition for the orbitals, we get, 
2 (c? + 1618.02) — 1 

or ej = © = 03717 

апа c2 = сз = 0.6015 (10.58) 

The molecular orbital фа associated with E; is given by 

фі = 0.3717 X, + 0.6015 X2 + 0.6015 X3 + 0.3717 X4 

(10.59) 


Similarly one can obtain the coefficients of the other molecular 


orbitals. The results are given in Table 10.1. Various orbitals are 
depicted in Fig. 10.3. 


Table 10.1: Energies of different orbitals of butadiene 


Molecular Wave function Symmetry Energy 
orbital 

$i 0.3717 X44-0.6015 X: Symmetric £,=« + 1.6180 £ 
+0.6015 X44-0.3717 x, (S) 

Ф, 0.6015 Х,4-0.3717 x, Antisymme- — E,—2--0.6180 B 
—0.3717 X$—0.6015 Xs tric (4) 

by 0.6015 Х,—0.3717 x; Symmetric Ез=о —0.6180 8 
— 0.3717 X3--0.6015 x, (5) 

Ф, 0.3717 Х,—0.6015х, Аш Ѕут- E;=a—1.6180 8 


As pointed out earlier, if all the 7-electrons are delocalised, then 
the energy W is equal to 4 a + 4.72 в 
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Fig. 10.3. HMO z energy level diagram for butadiene. 


However when the electrons are localised in bonds c1— с: and 
сз са, the hypothetical energy W’ would be equal to twice the 


energy of ethylene i.e., 

W' —2 W [ethylene] (10.60) 
so that W'=42+48 (10.61) 
The difference W'—W is the resonance energy Wr of butadiene 
and hence, 


Wr = W'—W = 0.4720 (— B) (10.62) 


W is also called delocalisation energy. 
We will discuss the M.O. treatment of benzene. 


10.3. Benzene 


Benzene constitutes a system of six 7-electron moving in a mole- 
cular framework of six equivalent c atoms. If we denote the 
atomic orbitals associated with each of these atoms by X; X2,... 
X3, respectively, the molecular orbital ¢, can be represented by 
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ф = cı Xy + с Xa + сз Хз + са Ха + сз Xs + е Xo 
(10.63) 
Using the following set of relations: 


[xar = nar =... [хна = а 


(10.64) 
[анха = анаа =... = | Xs HXsdr = В 
(10.65) 
[xum dr = |% nan =... =0 (10.66) 
[х хай = |х, Xs f XX dus ei eO 
(10.67) 


the energy E can be expressed as 


&(et ++ c2 Face 65 F 2(n0 Tore. 
E= св ci) B 
uL сф... + с 


(10.68) 
The parameters « and В being given, E is a function of only six 
variables cj, c2,..., св. From the condition that E must have 
a minimum value we obtain six relation 
2: 0,57 =0,...,2Е Lo (10.69) 
Thus, we get six simultaneous equations 
cı (0-Е) + с B + с B —0 (10.70) 
с В + со (0-Е) + с В = 0 (10.71) 
c2 В + с (а-Е) + с B = 0 (10.72) 
€ B + c4 (8-Е) + cs B = 0 (10.73) 
ca B + cs (0-Е) + ce B = 0 (10.74) 
cı В + cs В + св (а Е) = 0 (10.75) 


By putting о = == these reduce to 


ciw + с + св = 0 (10.76) 
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су +оо 4-065 = 0 (10.77) 
со + сз © + c4 = 0 (10.78) 
су сао + сз = 0 (10.79) 
са + sw + eg = 0 (10.80) 
€ + cs сво = 0 (10.81) 


The solution of these simultaneous equations lead to 
1 0 0 0 1 


w 

ja prone чур? "5 

E elon ecole ао 
Qe a vee oe ape 
Oho oe N 

ty Ow 0% Om dy ae 


By solving the determinant we finally obtain a sixth order equa- 
tion, 


w'—6 wt + 9u?-4 = 0 (10.82) 
By putting w? = X we get, 
x1i-6 X2 -- 9 X-4 = 0 (10.83) 
or x-1} (0-4 = 0 (10.84) 
Consequently, 
в = +1 (two times) (10.85) 
o= b2 (10.86) 


Therefore the energy values of the molecular orbitals in order of 


increasing energy are 


E,=a+28 (10.87) 
Б = Ep = «+ В (10.88) 
ipio ae M eL (10.89) 

Е; =a-28 (10.90) 


and 
As Bisa negative quantity, the lo 


highest «— 2 В, thus 
Е < Б = Ез < Е = Es < Ee 


west energy is « ot: 2 B and the 
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The normalisation condition leads to 
[еа =a FE. (1091) 


Let us denote the coefficients of the molecular orbital associated 
with energy E; as cii, сз, сіз, с, Cis and Cie- By substituting 
Ej =« + 28 in the six equations obtained earlier, we get 
finally 


Cn = Ср =... = б (10.92) 
Using this result in equation (10.101), we get, 
1 


Сі ез Тоюу C16 Ae (10.93) 
Hence, the М.О. 4, associated with Е, is given by 
1 
imi". (Xi + X2 +... + XQ (10.94) 


Similarly all other M.O.'s can be determined. These and the cor- 
Tesponding energies are given in Table 10.2 


Table 10.2 Molecular orbitals and energies of benzene 


Energy Е, M.O 
E, = « 28 $i Wee O0 Xx + Xa t Mat Xs X) 
; 1 
E= а + В # = pay È% + Xa t Xa xxx) 
‚ 1 
Ез = «+ В & = р (Ха XebX X) 
1 
Е. = а В Ф = ааа) 
1 
Бъ = а – В $5 = pg Qs + 23-3 7X) 
Е,= а — 28 prank 
к Ге; (1-Х + X4—X4 + Х,—Х„) 


One must note that both $2 and фз have the same energy E — 
a— В. Because of this double degeneracy there is freedom of 
choice of molecular orbitals. The energy level diagrams of the 
ground state and excited state of benzene are given below, 
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А 
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(a) Ground State (b) Excited State 


Fig. 10.4. Energy level diagram for MOs of benzene. 


We can now assign the six electrons to various molecular orbi- 
tals $1, da, . . - , de. In the ground state, two electrons will first 
occupy the lowest orbital 41 with energy (х + 28), next two elec- 
trons would occupy the second lowest orbital > having energy 
(« + В) and the remaining two electrons would occupy фз orbi- 


tal having the energy (« + £). 
The total energy W of these six electrons is therefore given by 


0 =2 Е, +2 Е + 2 Ез = 6о + 88 (10.95) 


If the six т-еІесігопѕ in benzene form three double bonds as des- 
cribed by a Kekule structure, its energy will be roughly equal to 
the energy of three molecules of ethylene, i.e., 


W' = 3 (2a + 28) =6 a +68 (10.96) 
Thus by the M.O. method the resonance energy Wr of benzene 
is given by 
Wr=W W= (624-68)-(6«--88) ——28 (10.97) 
Since, B is a negative quantity, We has a positive sign and is some- 
times called the delocalisation Energy. Thus, the six z-electrons 
in benzene belong to the non-localised orbitals extending over the 
whole molecular framework and We represents the energy of 
such delocalisation. We can estimate В from a knowledge of 
delocalisation energy. Thus, 8 is found to be— 18 kcal/mole. 

We can estimate « as follows. The first ionisation potential of 
qual to 9.21 eV or 212 kcal/mole. Thiscan be roughly 
alent to the amount of energy which is needed 
lectron from the highest occupied molecular 


benzene is ei 
regarded as equiv: 
to remove one п-ё@ 
orbital i.e. 
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a + B = – 212 kcal/mole 
so that о = — 194 kcal/mole. 

Out of the six molecular orbitals, фу, $» and фз have energies 

lower than х, while the remaining orbitals $4, ф5 and ф have 
energies higher than ж. The former are called bonding orbitals 
and the latter anti-bonding orbitals. The orbital with energy 
equal to « is called a non-bonding orbital. The difference between 
« and the energy of an orbital represents the bonding energy of 
the orbital. For example, the М.О. ¢; of benzene has an energy 
E — « 4- 28, hence the bonding energy of this orbital is «— 
(«+ 28) =—28. 
If weassume that six z-electrons are localised on six carbon atoms, 
i.e., one electron on each carbon atom then the resulting energy 
will be 6 а. The difference between 6 « and the total energy W is 
the total bonding energy Wg so that 


Ws = ба И ——88 (10.98) 


We shall now illustrate how some of the molecular properties 
are estimated by M.O. method. 


10.4. Electron Density 


It is of considerable chemical interest to calculate the electron 
density at different carbon atoms in the molecules. We know 
that 


[е m [Ус dr 
-[xése-[x Cr Cs br bs dr 


Ser 
(10.99) 


where $r and ¢, are the wave-function of the m-electron associat- 
ed with any carbon atoms r and s. 


On account of orthogonality theorem, 


[* 4 =0 fo rgs (10.100) 
Therefore, 


реа [усве уена 
Ide (10.101) 
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since f à? dr = 1. The total electron density g, at an atom is 
the sum of electron densities contributed by each electron in each 
M.O., so that 

а = Y rj c; (10.102) 


where cj, is the coefficient of atom r in the jth M.O. It should 
be noted that j represents the electron related to a particular car- 
bon atom and nj represents the number of electrons in an orbital. 

The detailed calculation of charge-density for different mole- 
cules is illustrated below. 


10.4.1 BUTADIENE 
The two molecular orbitals of butadiene ф; and ¢2 given by 


фу = 0.3717 Х + 0.6015 X2 + 0.6015 Хз + 0.3717 X4 
фо = 0.6015 X, + 0.3717 X2— 0.3717 X3—0.6015 X4 
are occupied in the ground state by two electrons. 
Consequently, the total density at atom 1 will be given by 
a = 28 + с) 
= no. of electrons in an orbital x square 
of the coefficient of 1st atomic orbi- 
tal + square of the coefficient of 
Ist а.о.) 


so that 
qı = 240.3717? + (0.6015} = 1 (10.103) 


The charges 42, 43 and gs on the atoms 2, 3 and 4 would have 
the magnitude given by, 
а = 2 (сї 62 

= 2 (0.6015? + 0.37172) = 1 (10.104) 
аз = 2 (ch + ci) 

= 2 [(0.60152 + (—0.3717] = 1 (10.105) 
gs = 2 (h + Cha) 

= 2 [0.37172 + (—0.6015)7]=1 (10.106) 
Thus, in butadiene, the electron densities of all the carbon atoms 
are equal to unity. This is true for all the polyenes. 


and 
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10.4.2 BENZENE 1 

In the case of benzene each of the three orbitals $1, фз and 43, 
are occupied by two electrons in the ground state; therefore the 
electron density at carbon atom 1 is given by 


dic 2: (edi cle ets c2) (10.107) 
pz ( 2 » ] 
=2|[——= T +0 
(е ) № 412 
=2@+)=1 .: (10.108) 
Similarly the electron density at carbon atom 2 is given by 
Ф = 2 [c3, + ch AA (10.109) 
= 2 1 * | 1 z 1. 1 y) 
(ze) + (7) + (v 
-2[l- 3d 
Z2 =] Ex (10.110) 


and the electron density at carbon atom 3 is given by 


Y 


аз = 2 (c, + ei + с) (10.111) 


-a [lre (rn) (ra) 
=2 + Ей 


= 1 (10.112) 
Further, we can show that 


4з = 45 =q = 1 (10.113) 
Thus 


N= = 43 = = qs = gg = 1 (10.114) 
Hence in Benzene the 7-electron density at all the carbon atoms 
is equal to unity. 
10.4.3 ETHYLENE 

There are only two 7-electri 


ons in this molecule and these oc- 
cupy the molecular orbital A " 
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g = Qux) 
42 
The electron density at carbon 1 is, therefore given by 
qı=2 2 a 1 
( 5 ) (10.115) 
and the electron density at carbon 2 is given by 
L2 
n= 26:3 x (10.116) 


Thus the z-electron density on the two carbon atoms of ethylene 
is equal to unity. 


10.5. Bond Order 


In classical organic chemistry the bond order has always been 
supposed to be an integer but new facts emerging from theoreti- 
cal studies suggest the possibility of a fractional order. The end 
C—C bondsand the central bond of butadiene were formerly con- 
sidered to have bond orders of 2 and 1 respectively. In view of 
quantum mechanical interpretation, butadiene сап no longer be 
represented by structure I but structures II, III and IV must also 


be considered. 


| 
СН = CH- СН = CH? раис CH- CH? 
I I 
- Su zi з 
CH,—CH = CH- CH2 CH2— CH = CH- СН; 
III IV 


Resonance among the above four structures imparts a certain 
amount of double bond character to the central bond in structure 
Iand decreases the importance of the two double bonds at the 
end carbon atoms. One is therefore led to the concept of a frac- 
tional bond order. Coulson suggested that the bond order of any 
given bond is the sum of contributions from each of the occupied 
M.O.’s. The partial mobile bond order pj, for the r—s bond in 


the jth M.O. is defined as 
pl, = €i Cis (10.117) 
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The total bond order is defined as 
prs = Yi pi; = Уу п Gir Cis (10.118) 


all electrons 


in which nj is the number of electrons in the jth M.O. Since the 
bond order is associated with the z-electrons only, we may simply 
call it as 7-bond order. 


10.5.1 EHYLENE 
The partial bond order рг associated with the molecular orbital 


1 ан 
ке = (X X5) is given b 
$i 75 (Х + Хә) isg y 
к ld 
ar ae aia 


Using equation (10.117) similarly, the partial bond order asso- 
ciated with the anti-bonding orbital is given by 


1 1 
pia. ormai fils in ens; 
EE ( V2 ) : 
It follows that a positive value of partial bond order strengthens 
the 7-bond while a negative value weakens it. 


Since in the ground state of ethylene, two z-electrons belong 
to фі, the total -bond order р; = 2 Ply = 2: = 1. 
10.5.2 BUTADIENE 


The four z-electrons involved in butadiene occupy the two 
bonding orbitals, 


$1 = 0.3717 X, + 0.6015 X5 + 0.6015 X3 +.0.3717 X4 
$2 = 0.6015 X, + 0.3717 X; — 0.3717 X3 — 0.6015 X, 


Accordingly we get the following values for the partial bond 
orders between different carbon atoms; thus 


Pj; = 0.3717 х 0.6015 = 0.224 
Di, = 0.6015 х0.6015 = 0,362 
and P34 = 0.6015 x 0.3717 = 0.224 
We see that pl, > pl, = рі, 


| > 0. This shows that the contri- 
bution of the electrons belonging to $1 strengthens the central 
bond. 
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Similarly, the partial bond order, for фә would be given by 
pi, = 0.60153x:0.3717 = 0.22358 = 0.224 
рї, = 0.3717 x (—0.3717) =— 0.138 
pi, = (—0.3717) x(—0.6015) = 0.224 


Thus, Ph > ру > 0 > р 


The above results show that electrons in ¢2 strengthens the two 
end bonds and not the central bonds. 

Having calculated the fractional bond orders, we can calculate 
the z-bond orders as follows: 


pR =2 pi, + 2p), = 0.894 = p34 
роз = 2 ph, + 2р5 = 0.447 


where 2 stands for the number of electrons in each orbital. We 


can summarise the above results by the following, molecular 


diagram. 
0.894 0.447 > 0.894 
н; C—-—CH—-—CH—-—CH2 
1 2 3 4 


The sum of z-bond orders is given by 
S = pia + роз + ps = 2.236 
Thus, the total a-bond order is greater than two by 0.236. 


Benzene Я 
ф» and ds are the bonding orbitals of benzene 


Knowing that ¢1, 
and using the results of Table 10.2, we can calculate the partial 


bond order and a-bond order as follows, 


Fractional Bond Orders 


П 
d etg! 
ДЕ E 
Po 5 4i2 
э =0 


a-Bond Order 
po—2(i-10-0 


= $ = 0.667 
and Piz = рэз = рза = pas 
pa = 2 (4-1 + 1) = 8 = .667 
Thus, Dia = p3 = p34 = p34 = pas 


Therefore all six bonds are equivalent, as expected. 


10.6. Free Valence | 


The free valence F, has been defined by Coulson as | 
Е, == Ngay — N, 


where N, = sum of the orders of all bonds joining atom r and s. 
Nmax = maximum value, usually taken as 4 3. If we assign a 
bond order of unity to all c-bonds then N, is defined as the sum 
of all bond orders, consequently N, measures the total degree of 
bonding. We shall first illustrate how N, is estimated in the case 
of butadiene for which the molecular diagram is as follows. 


H7 H H "sp 
We have, Pi2 = 1.894 
P23 = 1.447 


The total bond number М, for atom 1 is, therefore given by 
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5 М = 1.894>+ 2x 1.0 = 3.894 
Similarly Nz = 1.894 + 1.447 + 1.0 = 4.341 


On account of the symmetry of the molecule 
Ni = № 
and № = № 


Similarly for benzene, it can be shown that 
pi Pu = 0.667 
and therefore Ny = 1.667 + 1.667 + 1.6 = 4.334 


It is easy to show that № = № = N3 = № = Ns = Ne = 4.33. 
Thus in contrast to butadiene all N values of benzene carbon 


atoms are equivalent. 
Moffitt (1949) has shown that for carbon 


N = 3 + 43 = 4.732 
According to some authors (Coulson et al. 1951) this value of 


Nmax is true only for tertiary carbon atoms (e.g., 9 and 10 posi- 
tions of naphthalene). For a secondary carbon atom 


Мшх = 3-2 = 4414 
and for a primary carbon atom 

Nmax = 3 + МІ = 4.000 
In the calculations that follow, we shall assume, following Green 


wood, that Nmax = 4.732. 
Thus, F, = Nmax— N, = 4.732— №, 


Thus, for butadiene 
Е = Е = 4.732—3.894 = .838 


Fa = Fs = 4732—4.341 = 0.391 


and 
Similarly for benzene 


к= Ra... % = 4132—4334 = 0.398 


10.7. Molecular Orbital Treatment of Naphthalene 
phthalene (Fig. 10.5) using the atomic orbi- 


М.О. calculations on na: 
lving a 10x 10 secular determinant 


tal basis set would involve so 
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and evaluating ten 9x 9 minors to calculate the coefficients. We 
can greatly reduce the amount of work needed for the z-electron 
calculation on naphthalene by making use of the fact that naph- 
thalene has three symmetry operations that leave the molecule 
indistinguishable from its original configuration. These symmetry 
operators are two mirror planes oy, c, and a two-fold axis of 
rotational symmetry, c». 


8 1 


5 4 
Fig. 10.5. Naphthalene. 


The plane of the molecule is also a reflection plane, but all 
orbitals must have eigenvalve with negative sign with respect to 
reflection in this plane. Hence its use does non result in any sim- 
plification of the problem. The ten 2p — carbon orbitals perpendi- 
cular to the plane of naphthalene molecule interact to form 
7-orbitals. Since the molecule is not a regular polygon and that 
it has no central atom present, the molecular orbitals cannot be 
found directly. Naphthalene belongs to the Symmetry group Dai 


and it is obvious that the operations of this group make follow- 
ing atoms equivalent, 

(а) 2,3,6,7; (Ы) 1,4,5,8 (с) 9,10, 
Тһе molecular orbitals of these three Sub-groups can be found 
and then allowed to interact to form the 7-orbitals of naphtha- 
lene. The coefficients for each orbital ina 


^ Sub-group have the 
same magnitude but they differ in sign. RN 
Since c2 = оз Хо’, it is obvious tha: i 
z t all ope 
have eigenvalue — 1, — 1, —1. $ p 


i ymmetry orbitals ca be 
constructed by taking the atomic orbitals one at a бше p^ 


ming the operations Е, сз, o, с’ Е 
p C25 . For ex: i 
the set of eigenvalues 4;, be ines I we feko tp 


we cai : à 
follows mn obtain, the Symmetry orbital as 


A) = Xit Xs 4x44 x, 


since EX, = x 


1 


& cX = Xs 
g, Ху = Xg 
o; Ху = Xs 
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Likewise, a symmetry orbital with a B; set of eigenvalues form- 


ed from atomic orbital X» would be given by 
Х (By) = X3—- Xo— Хз + X; 


By using this procedure, using different atoms with each set of 
eigenvalues, one can construct the set of 10 symmetry orbitals 


given in Table 10.3. 


Table 10.3. Symmetry orbitals for naphthalene 


E Е 
Si = $ (Xi + Xa + Xs + Xa) Si =} (Xi -X; + X;-X) 
Sa = $ (Xi + Xa + XX) . S; = $ (X—X; + X,—X:) 
Sy = Y (Xs + Хо) 
В! 
So = $ (Xa Xi— + Xs) So = $ (Xi + Х.Х) 
5, = {}(Х«—Х»—Ж& X) Sio = } (Xa + X —X,—X;) 
5, = JT Sr tains oni ‚ы age a. 
a—-E 
From M.O. theory, when we put x = г) 
We have, xc, T 30-0 (10.119) 
E 
The secular equations for atoms, 1, 2 and 9are 
ха toate = 0 
e (+1) о = 0 (10.120) 
2e + (x + 1) co = 0 
which yields 
жк. 1 1 
| 
ү, l ЖЕЕП 0 =:0 (10.121) 
| 2 #0 x+1 
On solving we get 
(x +1). 6? + x-3) = 0 (10.122) 


So that, x — 1.303,— 1, — 2.303 
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Putting x — 1 in equation (10.120), we find, 


€i = 0; c2 = сә (10.123) 
Similarly, we can show that 
C4 = Cs = св = 0 (10.124) 
= ty = бт = Ор == оу (10.125) 
and C9 = C10 (10.126) 


Coefficients of bonding orbitals of naphthalene and Hiickel 
energies are given in Table 10.4. 


Table 10.4. Coefficients of bonding orbitals 


с} Ca Co X = (a—-E)/p 
0.4253 0.2629 0 —0.618 

0 04082 —0.4082 —1.000 
0.3996 0.1733 0.3470 —1.303 
0.2628 0.4253 0 —1.618 
0.3006 0.2307 0.4614 —2.303 


Quantum mechanical treatment of large organic molecules has 
been illustrated in this chapter. The spectroscopic properties of 
such molecules can be predicted on the basis of the knowledge 
of energy levels. These can also be used for calculating deloca- 
lisation energy. Electron density calculations can be used to pre- 
dict reactivity at specific centres in the molecule. For example an 
electrophile would get attached to the carbon atom where elec- 
tron density is highest. Further, the strength of the bonds in an 
organic molecule can be assessed on the basis of bond order and 
free valence. 

Electron density contour maps can also be drawn by making 
use of X-ray diffraction data of single crystals. From X-ray data, 
structure factors can be evaluated, the Fourier transform of which 
yields electron density. Thus from X-ray data electron density 
can be calculated around the nuclei in the molecule and a picture 
of electron cloud can be obtained which is represented by a con- 
tour diagram. A typical contour diagram of maleic acid is shown 
in Fig. 10.6. In a similar manner, neutron density contours for 
benzene have been detérmined by neutron diffraction method 
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Fig. 10.6. Electron density contour diagram 
of crystalline maleic acid. 


(C.A. Coulson, The Shape and Structure of Molecules, Oxford 
University Series, Clarendon Press, p. 2-3, 1973). 

In recent years, the experimental electron density diagrams 
have been- used for the verification of quantum mechanical 
theories of large molecules based on different approximations. 


APPENDIX 1: APPROXIMATE METHODS IN 
M.O. THEORY OF LARGE MOLECULES 


In molecular orbital theory, the molecular wave function of 
a closed shell molecule is written asa product (Hartree approach) 
Or a determinant (Hartree-Fock approach) involving all mole- 
cular orbitals. The molecular wave function in latter approach 
is anti-symmetric to exchange of. any two electrons and thus 
satisfies the Pauli exclusion principle, whereas it does not do $0 
in Hartree approach. All important principles, however, can be 
illustrated by employing a Hartree product of п molecular orbi- 


tals as molecular wave function, 

V (1, 2,....т) = Ja (1)5(2).... Pa (п) (L1) 
The molecular orbitals %; are assumed to be orthonormal and 
are expressed as linear combinations of atomic orbitals ¢, 


у = È С, Pa X чы) 
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where Ci, is the coefficient of и atomic orbital in i molecular 

orbital. The Hamiltonian of the molecule (ignoring the mutual 

repulsion of nuclei) consists of (1) the one-electron part Ў H(i), 
i=l 


where H (i) the kinetic energy of i'^-electron plus its attraction 

energy to allthe nuclei, and (2) the two-electron part—the mutual 

repulsion energy of electrons 3 Уу e?/r;j. The total energy of the 
izj 


molecule can be written as 


=|[#ну& | Par (1.3) 
Substitution of (1.1) in (1.3) gives 


= реонот оту [HO w= nx 
i<j lij 


(i) yi (G) ат ату — (1.4) 
Substituting (1.2) in (L4) we obtain 


Е= у, УС, СН, У У У У Ух 


Ci, Cj, Civ Cjo (pv/Ao) (1.5) 
where 


Низ = f $, (Q H(i) dy (i) dri (1.6) 


and 


Gs) = fb Os 0) by be у AD 


are one and two-electron integrals igon Whereas H,, could 
be a one-, two- or a three-centre integral, the electron repulsion 
integral (uy/Ac) could be a one-, two-, three- or four-centre 


integral. In (1.5), three- and Buurpentee integrals are fairly diffi- 
cult to compute. 


The energy E in(L5) is now minimised with respect to the 
variation of coefficients Cj, (i, p = 1, 2, . . . п) subject to the 
constraint that the resulting molecular orbitals are orthonormal. 


This procedure results in a set of equations 


YXG5—4s)e 0 (v—L.o 9) 
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The only non-trivial solutions of these equations are those for 
which 
det | F,—e, Sy» | = 0 (1.9) 
which is expanded form looks like 
Fae Su 62—61 512 Fis—er 813 Fin—€1 Sin 
Е-е Su Fo2—-€2 5 Fa 2 S23... Fan—€2 Son 


(1.10) 


Еш є, Sm Fn2—€2 Sn ...... Fria — én San 


In these equations S,» = f à, (1) $» (1) dv; is overlap integral. 
e, is the energy of p** molecular orbitals and F,» are the elements 
of so-called Fock matrix and are given by 


F,v;= Н,» T-M x У, nj cj Cjo (руа) (1.11) 


where occ denotes the number of occupied orbitals, п; being the 
number of electrons in /'" molecular orbital. Since elements F,, 
depends on the unknown coefficients сул, they are evaluated itera- 
tively. One first assumes certain values for coefficients суу, com- 
putes all Е,» and solves (1.10). This gives a set of molecular 
orbital energies e, and computed coefficients су. This new set of 
coefficients is again used tocompute new F,» from (I.11), which 
in turn yield new e, and cj, from (1.10). This procedure is repeat- 
ed several times, till the coefficients cj, in two successive interac- 
tions have converged within a prespecified tolerance. If instead 
of Hartree product function (I.1), the determinantal wave func- 
tion is used (I.11) is modified to 


Eam Hs TON У) nj суу Cjo (из/АХо)—% (uy/vo) (1.12) 
jel à o 


Rest of the procedure and equations for evaluation of molecular 
orbital energies still remains same. ў 

For each element F,», one has to compute л? one-electron 
integrals and n* two electron integrals, all of which are evaluated 
exactly in ab initio computation. For example. in a 100-orbital 
molecule, one has to compute 10,000 one-electron and 100 million 
two-electron integrals and this poses a tremendous computation- 
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al and storage problems even for largest and fastest computers. 
In any case, these computations are very costly and time consum- 
ing and their use is restricted only to small molecule. 

Most of the approximate methods try to reduce the number 
of these n4 integrals to something like n? or n? integrals by some 
trick or parameterisation procedure. The product, ¢, (1) Ф» (1) is 
called the differential overlap. For p v, if 4, (1) $» (1) is con- 
sistently neglected in all electron repulsion integrals (that is re- 
taining only п? integrals of the type (uu/AA), we have the so- 
called CNDO (complete neglect of differential overlap) approxi- 
mation or one of its variants. On the other hand if the differential 
overlap.is neglected everywhere, except in one-centre integral 
we have INDO (intermediate neglect of differential overlap) 
approximation. If ф, (1) Ф, (1) is neglected only if ¢, and $» are 
atomic orbitals centred on different nuclei, we have so-called 
NDDO (neglect of diatomic differential overlap) approximation. 
Likewise there are several variants of these ZDO methods, de- 
pending upon how many integrals are neglected and how rest of 
them are evaluated. Even under these approximations, some- 
times only valence orbitals are considered in M.O. calculations. 
These methods include CNDO, INDO, MINDO etc. Sometimes 
all c-electrons are ignored and only z-electrons are considered 
explicitly. When all two electron integrals surviving after ZDO 
approximation are computed by certain parameterisation proce- 
dures, we have the PPP (Pople-Pasiu-Parr) approximation. In 
EXT (extended Hückel Theory) all two electron integrals are 
ignored, whereas in simple Hückel approach even overlap integrals 
are neglected. The surviving one-electron integrals are parameter- 
ised and thus in this method, not a single integral is evaluated. 

Various Approximate M.O. methods used in Quantum Mech- 
anical calculations are listed below: 

A. All electron calculation 

VRDDO, MODPOT, PRDDO, PCILO etc. 


B. Valence Electron Calculation 
CNDO, INDO, MINDO, NNDO, SPINDO, EHT, IEHT 


C. c-electron calculations 
FEMO 
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APPENDIX П: GENERALISED TREATMENT OF 
SIMPLE HÜCKEL MOLECULAR ORBITAL 
THEORY (SHMO) 


For large molecules containing z-electron, approximate method 
developed by E. Hückel has been quite popular. The following 
approximations are made in Hückel method. 

i) o-bonds are assumed to be localised. 

ii) Interaction between о- and z-electrons is neglected, i.e. the 
Hamiltonian H is considered to be the sum of the Hamilt- 
onian of c-electrons and z-electrons. 


Н = Н, + Н, (П.1) 
апа Е = Е, + Е, (11.2) 
Y = papa (11.3) 


where Е is the energy and у the wave function. The sub- 
script indicate the o- and 7-electron contribution. 

iii) Interelectronic repulsion is neglected. 

iv) Hj; = 0 for nonadjacent atoms which are not bonded 
together. 

v) Su = 1 and Sj = 0 for nonadjacent atoms (i Æ j). 

Si; = | ф:фуйт is called an overlap integral, since it is a 


measure of the overlap of ith and jth orbitals. Let us discuss 
the character of Hj, Ну, Sa and Sy in a little greater detail. 

Sı; depends on the internuclear distance ry. The calculations 
made by Mulliken are plotted in Fig. I.1, which show their 
interdependence. However, when S = 0 (i j), it considerably 
simplifies the calculation. (Roberts, J.D., Notes on Molecular 
Orbital) Calculations, Benjamin, New York (1962). 

The resonance integral H;; — Í $4; Hà, dr when i 5 ј = fij, 
Bi; is a function of atomic number, orbital types and degree of 
overlap. It is also a function of the- internuclear distance. Cal- 
culations made by Mulliken are shown in Fig. II.2 which shows 
how i; depends оп r;; for carbon 2 р-т overlap relative to that 


of isolated carbon. 
From Fig. II.2 it follows that as ri; increases f; decreases. 


Hence it is not a bad approximation to put 8; = 0 when i and j 
are not nearest neighbours. , 
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1 2 3 


Wij 


Fig. 11.1. Interdependence of Sı; and r,;. 


Fig. II.2. Dependence of B,, or rij. 


п) 


The Coulomb integral Ну = IE H ф dr = а, where «isa 


function of nuclear charge. « is clearly a negative number. 

We сап devide the organic molecules containing 7-electrons 
into two categories (a) open chain and conjugated z-electron sys- 
tems (b) cyclic z-electron systems like C;H«. We discuss below 
how HMO method can be applied to both these types. 

a) Open chain and conjugated z-electron systems: 

For open chain z-electron molecules, containing n, number of 


7-electrons, yield this following determinants, having n,-rows and 
n4-columns. 


EBB On 50 2.22 0:0 20 
В а-Е B 0 0 0 
0 B «—E B 0 0 
Viti ото neptis ‚|=0 
0 Qu gus «кейс. pog 


S 0 0 0.... 0 fa-E шл) 
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В —E 
Now if we put x — 4—0 then equation (IL4) takes the form 


B^ 
x 1 0 0 0 
1 x 1 0 0 
0 1 X 1 0 
pb tg ete Te OS RE Sear жже а =0 
0 cama x 1 
0 0 ТҮ 0 1 X (1.5) 
The general solutions for above determinant is 
Кт 
x —-2Cos (s. F i) (11.6) 


. ,n, and nz is the number of 7-electrons 


where k = 1, 2, 3,.- 
e energy of the kth orbital would be 


in a molecule. Thus th 
Кт 
Е, = a +28 cos (4) 


Since B is negative, Ei will be the lowest energy orbital. 


EXAMPLE: For ethylene molecule, п; = 2 
H H 
rene 
H H 
Therefore, 
Ej = А +28 Сов 5 = ath шл) 
Е =&+ 28 Соѕ = = а—В (II.8) 


y level diagram can be represented as follows 


The energ 
E CANT al os B (Ist excited state). 
шоле ЗЕ ие a 
-2 Y а + B (ground state) 
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PROBLEM: Calculate the energy levels for the conjugate bonding 
in 1, 3-butadiene. Draw this energy diagram showing this ground 
and this first excited state. 


Еу = а + 1.6188 Е; 

E, = а + 0.6188 Es oh ies 
И эш С SU S жж. dea doe ww a a 

E, =u — 0.6188 E td ME 

E, = а — 1.6188 Е t4 ty 


ground state Ist excited state 


b) Simple Hiickel molecular orbital (HMO) theory of cyclic 
compounds: 
For cyclic organic compounds containing z-electrons, a secular 


determinant (II.4), using HMO as in case of open chain mole- 
cules, can be written as: 


X 1 0 0 18 0 0 1 
x 1 0 0 0 
0 f x 1 0 0 0 
ABA TO VA Seg oio ad ud. Mta A aviteve 259 
0 1 x 1 
0 0 es 0 1 x (IL.9) 


The general solution for equation (II.9) can be written as 
й. 2Кт 
х = 2p Cos (=) 
where k = 0, опе 
and the energy of the kth orbital would be. 


E, =a + 28 Cos (2) 
Nz 


PROBLEM: Calculate the energy levels for the conjugated bonding 


in Benzene and prepare an energy diagram, showing the ground 
state. 


For, 


k=l, 
= 2; 
к = 3, 
k = 4, 
kem 
k= б, 


E, = а + 28 cos (7/3) = a + В 
Е = « + 2B cos (27/3) = a — В 
Ез = « + 2B cos (37/3) = « — 28 
E, = a + 28 cos (47/3) =a — В 
Es = a + 28 cos (57/3) = a + B 
Eg = а + 2B cos (67/3) = a + 28 
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CHAPTER 11 


Complex Inorganic Compounds 


A complex ion is a charged aggregate which is formed when a 
metal atom or ion is directly attached to a group of neutral mole- 
cules or ions. The former is called the central ion or acceptor 
while the latter are called ligands or donor groups. The ligand 
atoms are arranged in a definite geometry. The number of such 
ligands bonded to the central ion is called the coordination num- 
ber of that ion in the first coordination sphere. A typical example 
of complex ion is [Cu (H20)7*]. Typical examples of the complex 
compound are Fe (CO); and [Co (NH); (NO;)j]. 

The explanation of bonding in such compounds would be dis- 
cussed іп this chapter. The stereochemistry, electronic spectra, 
isomerism and magnetic properties of such complexes have been 
investigated during recent years. A satisfactory theory of bond- 
ing must give an adequate explanation of all these. Two things 
have been clearly established by experiments. The central ion is 
the metal ion and d-electrons of the ion are involved in bonding. 
Werner in 1893 postulated the existence of secondary or nonioni- 
sable valencies. On the basis of his researches on a very large 
number of complex compounds, Werner was able to elucidate 
the number, nature and spatial arrangement of these valencies. 
However, there was no theoretical justification for these types of 
valencies. With the development of electronic theory, a self-con- 
sistent explanation of the types of valencies in terms of electro- 
valency and covalency could be obtained. Sidgwick gave the 
concept of effective atomic number (EAN) based on the concept 


х 
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of coordinate bond which put the above ideas on still sounder 
footing. 

The above classical coordination theory does not explain the 
mechanism of bonding the ligands to the central ion and conse- 
quently cannot explain the spectral and magnetic properties. With 
this objective following theories have been proposed: 

i) Electrostatic theory with its more recent crystal field modi- 
fications, 
ii) Valence bond theory, 
iii) Molecular orbital theory, and 
iv) Ligand field theory which is a combination of (i) and (iii). 


11.1 Electrostatic Theory 


The electrostatic theory is based on the assumption that the 
bonding of the components ofthe complex is determined by purely 
electrostatic forces. The central ion and ligands are considered to 
be rigid, sphere whose radius is well-defined. The stability of the 
complex ion can then be understood in terms of interactions be- 
tween dipoles and point charges, point dipoles or combined 
charges all supposed to be lying at the centre of these classical 
spheres. Using this model, it is possible to express the heats of 
formation of the complexes as a function of charge, dipole mo- 
ment and radius. However, the model cannot explain the exist- 
ence of anomalous coordination types опа purely energetic basis. 
The existence of certain low-spin complexes e.g. diamagnetic 
cobalt (III) could however be explained on this model. 


11.2 Crystal Field Theory 


A modified picture is proposed in the crystal field theory where 
it is assumed that the orbitals of the central ion are separated 
from the ligand orbitals. The theory takes into account the in- 
fluence of the various possible electrostatic fields which arise due 
to different geometries and strengths of various ligands on the 
five d-orbitals of a transition metal ion. It is to be noted that the 
basis of the theory is that the degeneracy of the d-orbitals on the 


central atom is removed as the ligands are placed on the mole- 


cule. 
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11.3 Valence Bond Theory 


1) The central atom provides a number of orbitals equal to its 
coordination number for the formation of covalent bonds with 
ligand orbitals. 

2) The overlap of a vacant metal orbital and a filled orbital of 
the donor group leads to the formation of a covalent g-bond 
which is simply a coordinate link. 

3) The possibility of z-bond involving d-orbitals exists under 
suitable circumstances. The strength of covalent bond depends 
on the extent of overlap of the electron clouds according to this 
picture. The valence bond theory involves the hybridisation of 
the original atomic orbitals to form a new setof equivalent bond- 
ing orbitals having definite directional properties. The theory 
easily predicts the shapes and magnetic moments of complexes 
and the results are in agreement with experiment. The theory is 
simple and straightforward in application but it suffers from 
following defects: 

1) It provides only qualitative explanations, 

2) It cannot explain the spectra of complexes, and 
` 3) It cannot predict-the detailed magnetic properties; 


11.4 M.O. Treatment of Complex Ions 


The procedure for the M.O. treatment of complex ion is similar 
to that outlined in Chapter 8. The М.О. are generated through 
suitable linear combinations of the orbitals of the central ion and 
the orbitals of the ligand. o,7-orbitals are obtained depending 
on the orientations of the latter with respect to the line-of-central 
ligand-central ion. o-orbitals have rotational symmetry with res- 
pect to the direction of the bond. For z-orbitals, the bond axis 
contains the nodal plane. The number of M.O.’s is equal to the 
total number of А.О. under consideration. Half of these mole- 
cular orbitals are bonding orbitals. The remaining half are anti- 


bonding since the energies of these are higher than A.O.'s. 
Let us try to understand 


in terms of molecular orbit 
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of which has an angular function in the bond direction (o-bond) 
and the other two are the perpendicular p-orbitals (z-bonds). 
The molecular orbitals are written after the cumulative с- and 
7-ligand orbitals have been spotted. The net ligand orbitals are 
obtained by the linear combination of orbitals of the individual 
ligands keeping in view the symmetry requirements. In order to 
write the above, let us consider Fig. 11.1 which shows the indi- 
vidual ligands which have to be combined for writing о- and т- 
ligand orbitals in an octahedral complex ion. The resulting o- and 
7-ligand orbitals are summarised in Table 11.1. The molecular 
orbitals can now be written. by combining the orbitals of the 
central ion and ligand orbitals. The energy of the orbitals can 
then be found in the usual manner. It should be noted that 
М.О. method is quite tedious since sometime it needs the solution 
of a 30 x 30 secular determinants. But the problem can be simpli- 


* fied by using group theory. One simply requires to combine ligand 


and metal orbitals which belong to same irreducible represen- 
tation. 

The advantages of molecular orbital theory of bonding in 
complexes are as follows: i 

a) Experimental evidence shows that d-electrons of the metal 
ion are often delocalised on the ligands. M.O. theory best explains 
how this occurs. 

b) M.O. theory is more useful in understanding the spectra of 
complexes since the excited states are more accurately described 
by M.O. 

c) M.O.’s can be qualitatively constructed conveniently. In 


spite of these advantages molecular orbital theory is cumbersome 


Metal ion M.O a fg (4+8+C+D+E+F) 
sorbital 


Fig. 11.1a. 


Ligand-orbital 


Ligand-orbital 


H 
H 


(No ovorlap in) М.0.=1/2 (8—C+E—F) 
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MO.- ) (8—С--Е+Е) 


C9 OQ 


MO=} (A-C-D—F) 


Fig. 11.1c. 


Fig. 11.1. Molecular orbitals of metal ligand bonds, the term 
A, B, C, D, Eand F refer to. the orbitals corres- 
ponding to respective ligands. 


since it requires the solution of a secular determinant containing 
large number of rows and columns (say 30x 30). But the prob- 
lem can be simplified by using group theory so that one simply 
requires to combine ligand and metal orbitals which belong to 
same irreducible representation. In this context we discuss below 
this molecular orbitals of metal ligand bonds. 


11.5 Molecular Orbitals of Metal Ligand Bonds 


Molecular orbitals of metal ligand bonds are obtained by the 
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method of LCAO. These M.O.'s can be constructed by using the 
following procedure. For example for octahedral complexes, we 
adopt the following steps: 


Table 11.1. Orbitals of the central ion and ligand orbitals 


Symmetry Orbitals Ligand orbitals 
of the central ion 
1 
а; 45 Ve AtB+C+D+E+F) 
af 
tie 4p. Vr (4—D) 
1 
4p, wi; 9-5 
1 
4p: a (C—F) 
г; Idda + (B-C + E-F) 
1 
3d, — = QA-B- -Е- 
а Jg Q4-8-C + 2D-E-F) 
tn 3d,, + B-C-E+F/) 
3d, (4 B-D-E) 
3d,, 4 (4 +c-D-F) 


a) In metal ions usually nine valence shell orbitals take part. 
They are d3, d; s, 4,5, dyz, dx, ps, py, p. and s-orbital. Out of 
the ds, d? y^, px, Py, p. and s-orbitals have lobes lying along the 
metal ligand bond direction. Thus they are suitable for o-bond 
formation. However, dx, d. and d. orbitals are oriented along 
planes and are suitable for 7-bonding. 

b) Ifa ligand possesses six c-orbitals, the individual o-orbital 
must effectively overlap with any of the six valence shell orbital, 
suitable fora o-bond. They overlap with matching symmetry 
orbital. A Positive (4-) lobe of central metal ion overlaps with 
the positive (++) lobe of ligand orbital and similarly a negative 


(—) lobe of central metal ion overlaps with i 
thi = 
of the ligand orbital, ER ge: e 
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c) If a ligand possesses a z-orbital, these orbital also combine 
with the metal ion orbitals suitable forz-bonding having the same 
symmetry. 

d) Six o-symmetry orbitals transform toa set of 415, and tin 
(symmetry symbols for the bonding orbitals). o-bonds formed by 
s-orbital overlap of the metal ion with matching symmetry ligands 
orbitals are designated by aig, eg, represents a part of d orbitals 
which are equivalent except for their orientation in space i.e. d. 
and d, ,: metal ion orbitals. t1, represents a set of three p orbi- 
tals which are equivalent except for their orientation. t2, repre- 
sents a set of three equivalent d orbitals suitable for z-bonding 
but not for o-bonding. 

e) Each metal ion orbital can overlap with the orbitals of the 
ligand system which have a similar symmetry. These M.O.'s are 
pictorially shown in Fig. 11.1 and summarised in Table 11.1. 


11.6 Ligand Field Theory 


The molecular orbital theory gives an interpretation of the 
spectral data. However, it cannot satisfactorily account for (i) the 
number of absorption bands, (ii) relative location of bands, and 
(iii) splitting of energy levels. The ligand field theory combines 
the good features of electrostatic theory and molecular orbital 
theory. The assumption is made that the electrons move in the 
potential field of the central ion core and in the electrostatic pot- 
ential of theligands. The Hamiltonian for the motion of N elec- 
trons in an unfilled shell of the central ion is given by 


2 Z*e2 1 X > N 
н= >| - P udi “|+ Y VG) +E Ho (0) 
ô 2 і 


i т?т п 
(11.1) 


where 


— Z* ejr, = the potential energy of the ith electron in the 


field of the central ion core, where Z* is the 
effective charge of the core and r; isthe distance 
between the central ion nucleus and the ith elec- 
tron. 
Vin) = the energy of the coulomb interaction between 
the ith and jth electron of all ligands. 
Ho (у) = spin-orbit coupling energy of the ith electron. 
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Following three cases have to be distinguished. 
a) The weak crystalline field case 
2 > 
LEL SVL (т) > Ha) (11.2) 
i*j rij іФј i 


b) The strong crystalline field case 


5% e Е 
L V(ri) > 3 Lug > у, Н» (i) (11.3) 
ifs ij i 

c) The strong spin-orbit coupling case 


ун. > рубла = (114) 


Like the Schródinger equation of the free atoms or atomic ions 
with many electrons we cannot solve equation exactly. Accord- 
ingly efforts have been made to obtain approximate solutions. We 
shall, therefore, discuss ligand field theory from a qualitative 
angle in the following paragraphs. 

We consider a case for the central cation surrounded by six 
ligands, at the apices of an octahedron. When the ligands are 
identical the actual shaps and structure of the ligand may be ig- 
nored and we may consider only the orbitals directed towards the 
metal ion. The set of ligand orbitals have symmetry On. 

It can be shown by the transformation of matrices that d,*_,? 
and d: belong to representation e, and 4,,, dyz, dy: belong to t»;. 
The ligand orbitals will interact with s, p and d.*, d;* ;* orbitals 
but not with dyy, de, dyz- 

We propose to consider the manner in which the symmetry of 
the chemical surrounding of an ion determines the effect of the 
environment of the energy levels of the ion. In the crystal field 


Energy % 
== “S, 
On 


Fig. 11.2. Splitting of orbitals of О, symmetry. 
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and ligand field theories, we wish to regard the effect of the envi- 
ronment as a small perturbation on the states of the free ion. 

We may use all of the five d wave functions asa basis for a 
representation of the point group ofa particular environment and 
thus determine the manner in which the set of d orbitals is split 
by the environment. Let us choose an octahedral environment 
for our first illustration. In order to determine the representation 
for which the set of d wave functions form a basis, we must first 
find the elements of the matrices which express the effect upon 
the set of wave functions of each of the symmetry operations in 
the group; the characters of these matrices will then be the char- 
acters of the representation we are seeking. 

Although the full symmetry of the octahedron is О, we can 
gain all required information about the d orbitals by using only 
the pure rotational subgroup О because О, may be obtained from 
O by adding the inversion, 7. However, we already know that d 
orbitals are even to inversion, so that it is only the pure rota- 
tional operations of O which can bring us new information. 

We assume that the wave functions of a set of d orbitals are 
of the general form 

y = fi t) AO (@) V (11.5) 
where ys is a spin factor independent of the spatial coordinates 
rı 0 and 4. Since the free atom or ion is placed in an environ- 
ment with O, symmetry, the wave functions are split into a triply 
degenerate set, 72; and a doubly degenerate set, Eg. 

In a similar manner, we can determine the splitting of various 
sets of orbitals in environments of other symmetries which we 
may encounter in complexes such as Ta, Day, Dza and Cry. 

The results, we have obtained so far for single electrons in 
various types of orbitals, hpply also to the behaviour of terms 
arising from group of electrons. Just asa single d electron ina 
free atom has a wave function which belongs to a five-fold de- 
generate set corresponding to the five values which m may take 
in the fs (Ф) factor of the wave function, soa D state arising from 
any group of electrons has a completely analogous five-fold de- 
generacy because of the five values which the quantum number 
m may take. ^ 

The use of subscripts 5 and u is governed by thefollowing rules. 
Tf the point group of the environment has no centre of symmetry, 
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then no subscripts are used, since they cannot have any meaning 
when the environment does have a centre of symmetry, the sub- 
scripts are determined by the type of orbital. All A.O.'s of which 
the quantum number / is even (s, d, g . . . .) being centrosymme- 
tric and hence of g character, and all A.O.’s for which / is odd 
(p, f, h....) being antisymmetric to inversion and thus of u 
character. 

Ligands may be thought of as having one particular orbital 
directed towards the transition metal. If this orbital is tightly 
bound weak interaction is to be expected. On the other hand, if 
it is loosely bound strong interaction would be expected. Since 
the radial function f, (r) involves no directional variables, it is 
invariant to all operations in a point group. The function f> (0) 
depends only upon the angle 0. Therefore if all the rotations 
are carried out about the axis from which 6 is measured, then 
Ja (8) would also be invariant. Thus by choosing the axis of 
rotations in this way (or, in other words always quantising the 
orbitals about the axis of rotation) only the function f; ($) will 


be altered by rotations. The explicit form of the f; (4) function, 
aside from a normalising constant is 


fa (d) = ете (11.6) 
and the five d orbitals are those in whi 
0,—1,—2. 

If we take the function em and rotate 
tion becomes e/ntet2, 
Љ (Ф) wave functions L 


ch m takes the values 2, k 


by an angle « the func- 
Thus we can easily see that the set of 
becomes II on rotation by « 


erie т) [^ guten) 
bets | ‘eil4+2) 
K | | 
е° = |otation by | D 
я =| | 
| ew | angle о. | ечен) | 
еза | eg 2i 2) 
I I 


The matrix necessary to produce this transformation is 
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7 еда 0 0 0 0 
0 el 0 0 0 
0 0 e 0 0 
0 0 0 eia 0 
0 0 0 n 


[ 


For a two-fold rotation, « = т and hence, the sum of the dia- 


. sin 57/2 — 
gonal elements is = jg 
Similarily for the three-fold and four-fold rotations 
x Ж. sin 57/3 ЖЕ 
(C9 = gays л 
sin 57/4 
\ x = =— 
(С) = сп ET 1 (11.7) 
In the present case 
Х (Е) = 5 


The representation we have derived is reducible to E + T2. 
In the group О, we will have, since the d wave functions are in- 
herently g in their inversion property: 

In general, the strength of a ligand field increases in the series, 
halogen (e.g. F) « oxygen ligands (e.g. H20) « nitrogen ligands 
(e.g. NH3) < carbon ligands (e.g. CN"). 

An increase in formal ionic charge will cause the ligands to be 
acted towards the central atom. Crystal field theory re- 
static attraction between the ionic or highly polar 
H30) and the positively charged cation as res- 
bility of a complex. The forces involved are 
similar to these which hold an ionic crystal together hence the 
name of the theory. The essential point made by the theory is 
the recognition that, although in an isolated cation the degene- 
racy of all five d orbitals is maintained, in an octahedral crystal 
field the degeneracy is removed. | 

It is usual to choose the cartesian axes of an octahedral comp- 
lex to be the four field axes of the octahedron. It follows that p 
orbitals are still degenerate in the complex, for all exactly equi- 
valent positions with respect to the ligands. This may not be true 


more attr: 
gards the electro: 
ligand (e.g. СГ, 
ponsible for the sta 
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Reg (dx? —y? and аг?) 


NI —À (dxy—dyz and dzx) 


Fig. 11.3. Splitting of d orbitals. 


for the d orbitals. Two, d, ,* and d.: point along the axes whilest 
the other three d, d, and d., are directed between the axes. 
These sets will have different energy. 


The separation between the ғ, and eg orbitals is denoted by 
4 or 10 D, which varies from complex to complex. 

There are two limiting cases. 

i) 4 may be small (the high spin or ‘weak-field’ case). 

ii) 4 may be large (the ‘low-spin’ or ‘strong-field’ case). 
In the weak field case, electrons are added successively in d orbi- 
tals as follows (number of unpaired electrons and s 
city are also given below). 


ar ee gi сај vpn 
ees a tt чү 
ыа р 5 ра RN 
A эы А oben te ate) HHL tL 
Ra даа а ee эр 


pin multipli- 


nine eee he ty Hh 
T nn ny 
— L3. tk ty ouo 
AL tt ЗЫ "ү 


Fig. 11.4. Successive addition of d orbitals. 


Number of unpaired electron 
Spin multiplicity 
The electron distribution in strong-field (low-spin) complexes 


N= 


Number of unpaired electron 1 2 FALDI Brit 
Spin multiplicity 23 4 32 d 2 S2 
‘High-spin’ and ‘low-spin’ are phenomenological terms, ‘weak 
field’ and ‘strong field’ describe the magnitude of the crystal field. 


11.6.1 Ѕріх-Оквіт COUPLING 

Spin-orbit coupling is invariably weaker than the crystal field 
interaction in the ions of the first transition series, it frequently 
has to be taken into account for a detailed understanding of the 
electronic spectra and magnetic properties of complexes. 


11.7 Electronic Spectra of Transition Metal Complexes 


The visible and ultraviolet spectra of transition metal complexes 


show three types of bonds. 
a) sharp, weak, 
b) broad, weak, and 


c) broad, strong. 
The first two of these are accounted for by the crystal field 


theory. For the explanation of the third, ligand-field theory is 
required. The weak bonds are all associated with forbidden elec- 
tronic transitions involving the excitation of an electron from one 
d orbital to another. The relative positions of these weak bonds 
are readily correlated with energy level diagrams based on octa- 


hedral crystal field. 
The strong broad bonds which generally appear at the short 


wave-length end of the spectrum are due to transitions of an 
electron from one of the bonding molecular orbitals (largely located 
on the ligands) to either on eg or f; orbital (largely located on the 
metal). These transitions are accompanied by a charge migration 
from the ligand to the metal and are called charge-transfer 


transitions. 


The spectra of weak field complexes are the easiest to interpret 


quantitatively. Forthe intermediate case, which occurs frequently 
in practice, second-order interactions are important and large 


secular determinants may have to be solved. 


CHAPTER 12 


Weak Chemical Interaction 


12.1 London Interaction 


In the previous chapters we have mainly discussed the theory of 
the covalent bond where the electron delocalisation is responsi- 
ble for binding energy. However, there are interactions between 
chemical species which do not involve such electron delocalisa- 
tion. Oneof the example of such interaction is the van der Waals 
interaction which is responsible for holding non-polar molecules 
together in liquids and solids. 

The origin of van der Waals interaction is difficult to conceive. 
A. neutral molecule has a spherically-symmetrical charge distri- 
bution and it has no permanent dipole moment. Yet, such mole- 
cules have a tendency to aggregate as liquids or solids. The 
answer is that such a molecule (or atom) could possess an instan- 
taneous dipole moment, the time average of which is zero. This 
instantaneous dipole introduces a moment in a neighbouring 


Fig. 12.1. Interaction between two hydrogen atoms. 
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molecule which causes interaction between the instantaneous 
dipole and the induced dipole. This is called van der Waals inter- 
action or London interaction. 

We shall now try to calculate the interaction energy between 
two hydrogen atoms A and B when the internuclear distance R is 
large so that electron clouds do not overlap. The wave-function 
for the hydrogen atoms A and B is perturbed on account of the 
following factors. 

i) Interaction due to electron (1) and nucleus В. 

ii) Interaction due to electron (2) and nucleus A. 

iii) Interaction between nuclei A and В. 

iv) Electron repulsion between electron (1) and (2). 

The present case differs from the case of hydrogen molecule 
since electron 1 and 2 are not interchangeable. The unperturbed 


wave function for the system is given by 
#° = pup (12.1) 
where 4 and ув are 15 have functions. The perturbation H’ in 
the Hamiltonian is given by 
2 2 2 2 
с = есе © (12.2) 


rag and ri; have the meaning as indicated in the 
dinates of the first electron 
while coordinates of the 


where rg, 42; 
diagram. Let us suppose that the coor 
relative to the nucleus are Xi, у, 21, 
second electron relative to the nucleus are x2, y2 and 22. Equa- 


tion (12.2) can be expressed as a Taylor's series in inverse power 
of R, so that we have 


2 9 €t 7 
H= хә + yiya—221 22) +> R {(r? z2—r2z) + 


Sec ans 
Qxixi + 2912-3212) 1—2) + | ps Ci 


5 r3zt—5r7.z3—15 212) +2 (хх + ууз + 421 Z2)P 
(12.3) 


The significance of various terms in equation (12.3) is as follows: 
i) The first term represents the interaction between the ins- 


tantaneous dipoles of the two atoms. 
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ii) The second term represents the dipole-quadrupole* inter- 
action. | 

iii) The third term represents the quadrupole-quadrupole in- 
teraction and so on. 


For simplicity we shall ignore (ii) and (iii) for the time being so 
that 


2 
Н'= 5; (xı xtn»n-inaz) (12.4) 
and the interaction energy E" is given by 
Br = | ее (HP uds (12.5) 
which on solving yields, 

6 e as 
R$ 
where ао = Bohr's radius. For deriving equation (12.6) an approxi- 
mate second order perturbation treatment is employed, the 

details of which are given in the appendix. 
When the second and third term in equation (12.3) are 
also taken into account, the interaction energy is given by 


B= (12.6) 


бе2 аё 135 ёа 1416 è a} 
R6 Ro RIO 
An approximate method of estimating the van der Waals 

forces between two atoms or molecules A and B on molecular 


polarisability has been suggested by London. Accordingly, van 
der Waals interaction energy may be written as 


Е" =- 


(12.7) 


6 n4np e* 22 22 
RS (Та 15) ~ 


Be = = (12.8) 


*Below is an example of a typical electric quadrupole. 


———— 


— 


+9 


e—_22—_@ 


<—а—> <—а—» 


Tt consists of two dipoles whose effects at external points do not cancel. 


Quadrupole moment of the charge distribution Q is defined by 
Q-2qa 
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where n= number of effective electrons. 
Z2 = average value of 22 for these electrons. 

Z — coordinate of the electron relative to the nucleus in 
the field direction. 

I — energy difference between the normal state and the 
effective zero-point energy which is approximately 
equal to the first ionisation energy. 

The subscript A and B denote the quantity corresponding to the 


type of molecules. 
Since polarisability « for a particular species is given by 


mio e 72 
а mv 


(12.9) 


Equation (12.8) can be written as 


„___ 3 04:08 I4 Ів 
Е = UR TES (12.10) 


When the molecules are identical ie. Ги = Ip = I and «4 = ap 


= о we have 
20059 в? 
Er R (12.11) 
Thus, quantum mechanics tells us that attraction energy between 
non-polar molecules varies inversely as the sixth power of inter- 


nuclear distance. 


12.2. Donor Acceptor Interaction 


n donor molecule has weakly bound electrons anda 
onisation potential. The electron acceptor 
has a low lying vacant orbital having high electron affinities. The 
two types of molecules can interact to form a donor-acceptor 
complex with a much lower binding energy as compared to cova- 
lent molecules. A typical example is the formation of green quin- 
hydrone from colourless hydroquinone (donor) and yellow 
quinone (acceptor). Iodine forms such a complex in benzene with 
an absorption band at 3000 A which does not occur in the spec- 
tra of either iodine or benzene. The stability and the characteristic 
electronic absorption bands can be easily explained on the basis 
of quantum mechanical treatment given by Milliken. Typical 
examples of formation of charge-transfer complexes areas follows. 


An electro: 
corresponding low i 
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(i) | HO-( )-OH*O- ()-0—-HO-()-oH 
O=()=0 


(i) ©+Ь——>1{1 


Let the wave function of separate donor and acceptor mole- 
cules be y (D) and у (A) respectively. When they are separated, 
the wave function of the pair can be written as 


Vo» 4) = Voy Jun (12.12) 


However if we consider a pair of ions D+ and A- separated by 
a large distance, the wave function for Such a system would be 
given by 


Yit, 47 = Yint Ju (12.13) 


Equations (12.12) or (12.13) would not be the true representation 
of the situation when the donor and acceptor molecules are 
brought together in order to: overlap the electron clouds. Since, 


there would be a possibility of electron-exchange, the total wave 
function for the complex may be written as, 


V — ^p, ay + bpi, am (12.14) 


in order to account the two possibilities postulated by equations 
(12.12) and (12.13). a and b are constants. The coefficients can be 
solved by solving relevant secular equations. Two solutions are 
obtained and the wave functions can be written as 


Yi = а Ҹо, яу + bi pi, 47) (12.15) 

Vo = ao Vo, л) + bo pint, AT) (12.16) 

where ai, bi, ao and b are constants. Т 

can be explained as follows. The ener 

is less than the energy of either Jj 
level diagram is given in Fig. 12.2. 

The characteristic absorption band of the co 

to electronic transition tow. It should be noted that Jj, 4) is 

called the no-bond state and p+, a~, the ionic or charge trans- 

fer state. In the case of weak charge-transfer complexes, the 


he stability of the complex 
‘gy of the wave function yo 
, 4) OF pt, 47,. The energy 


mplex occurs due 
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Vo 
Fig. 12.2. Energy levels of charge-transfer complexes. 


energy of the transition yoy, equals the energy of transition 
Vcn, 4) — цр“, 47 so that it can be shown that 


һу = E (D+, A-)- E (D, A) = I(D)- A(4)--Q. (1217) 


In equation (12.17) О is the coulomb energy between D+ and 4- 
and уст is the frequency of charge-transfer- bond. The energy is 
calculated with the help of second-order perturbation theory. 
Equation (12.7) is found to be valid in a number of cases. How- 
ever this is applicable only to interactions which are sufficiently 
weak. 

Alternative theories* of charge-transfer complexes are based on 
simple molecular orbital treatment and free electron model. 


. 


12.3 Hydrogen Bonding 


The hydrogen bond A-H, ..., Bis a specific molecular interac- 
tion, where B represents the elements of the second row of the 
periodic table e.g. B, C, N, O and F. Weaker hydrogen bond 
interaction occurs with sulphur and halogens. In hydrogen bond 
interaction, the proton must be situated far out of the electron 
cloud of the donor atom 4 and must penetrate the electron cloud 
of the acceptor atom B deep enough. Some of the functional 
groups acting most frequently as proton donors and acceptors 


are summarised in the Table 12.1. 
Following theories have been advanced to explain hydrogen 


bonding. 


1) THE ELECTROSTATIC THEORY 
Since the proton is hydrogen nuclei, its electrostaticfield would 


ca 35 
*Dewar, M.J.S. and Leplay, A.R. I. Amer. Chem. Soc. 83, 4560 (1961). 
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Table 12.1. Functional groups acting as proton donors and acceptors 


(a) Oxygen in 


О Carbonyl group >с=0 
Carboxylic acids =€ "oH ethers 20 
5 alcohols SO-H 
Alcohols O-H 
© 
Amides SEN (b) Nitrogen in Эм; >N-H 
Hz amines ,H 
‚Ён ; Wa 
Amines p 
» (c) N-heterocyclic © 
Compounds 


be intense so that its attraction forthe non-bonded electrons on the 
other atom can be so strongas to lead to bonding. However, all the 
properties of hydrogen bonds cannot be explained by this model. 


2) THE VALENCE-BOND THEORY 

In 1953, Coulson developed valence-bond theory of the hydro- 
gen bond. Four electrons involved in A-H-B are considered. 
The ground state for the hydrogen-bonded system is written as 


$ = Ci bi Сф + Cis (12.18) 


where Ci, С and Сз are constants. #1 corresponds to structure 
based on dispersion forces, $2 correponds to the electrostatic 
structure and фз describes the charge-transfer structure. The 


contributions to total energy due to various structures can be 
calculated using variation method. Th 


found to be —8.6 kcal/mole which a 
experimental value of — 6.1 kcal/mole. 
contribution due to various forces is a: 


€ total energy for ice is 
grees favourably with the 
The break-up of theenergy 
S follows: 

Force 


Contribution to total energy 
Electrostatic force 


— 6 kcal/mole 
Short range repulsion force 


+84 , 
Charge-transfer force 780 ,, 
Dispersion forces —3.0 


Total energy — 8.6 kcal/mole 
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3) MOLECULAR ORBITAL THEORY 

In the system’ 4-H, ..., B, we may consider A-H and B 
separately from the viewpoint of M.O. theory. The molecular 
orbital уан for A-H сап be written as a linear combination of the 
p-orbital of A and 1s orbital of hydrogen atom H, and the orbi- 
tal for the lone pair of electrons in the atom B may be represent- 
ed by ув. On solving we get 

V (o) = a фан + b be 


and 

V (o*) = а rau b ув 
where V (o*) is the anti-bonding orbital and у (о) denotes the 
bonding orbital while а and b are constants. The influence of 
H-bonding on properties of solutions and compounds are given 


in Table 12.2. 


Table 12.2. Hydrogen bonding and the properties of the molecules 
- Behaviour of H-bonded 
compounds relative to a 


Property 
non-H-bonded one 

Molar volume Lower 

Density Higher 
A-H, . . . , B bond length ‚ Shorter 
Viscosity Higher 
Surface tension Higher 
Vapour pressure Lower 

Melting point Higher 

LR. spectra Shifted 
NMR (Chemical shift) Shifted 
Boiling point Higher 


Thus we note that the origin of weak interactions can be under- 
stood on the basis of quantum mechanics. It provided a power- 
ful tool for theoretical derivation of intermolecular potential 


energy as a function of distance. 
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APPENDIX: PERTURBATION THEORY OF VAN DER 
WAALS FORCES FOR HYDROGEN ATOM 


The Hamiltonian for two hydrogen atoms separated by a distance 
such that overlap of orbitals does not take place can be expres- 
sed as 

H=H°+H'+H"+... 


where H? is the unperturbed Hamiltonian and H', H’,..., are 


the perturbations of different orders. The corresponding energy 
eigenvalues are given by 


Н = Е + Е + Е +... 


where E? is the unperturbed energy and Е’, E" are the perturba- 
tion energies of different orders. The first order perturbation 
energy of a non-degenerate system would be given by 


rx Í JË Hy? dr 
я [а а 


In order to evaluate second-order perturbation energy we need 
first order perturbed wave-function y'. 


The second order perturbation energy E" using first order per- 
turbed wave-function would be given by 


[ Hm p dr 
f y у' dr 

It has been pointed out by Lennard-Jones that the first order 

perturbed wave-function can be approximately written as: 


V = J^ (1+ AH) 


1 
where A — тә and E? —— е2ја). Hence, we can write 


Е" 


E- | 4È (1 Am) n ea AH) dr 


= [№ H' Pdr + A | J^ (Н'у Y° dr 


to a first approximation. 
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It can be proved that 
[a war =0 
Hence, the first order perturbation energy is zero. The second 
order perturbation energy would be given by 
E' = A | y? HY? dr 


a S 
--2 [ame 
Substituting the value of H' from equation (12.4) and evaluating 


the integral, we get 

„ ___ @ 2:2 =a oa 
F--gimge " 
are the mean square of the electron-nucleus 


where "2 and 3 
distance for a Bohr orbit. The values of r? and тї сап Бе cal- 


culated by using the equation 


т = [тра 


Using hydrogen wave functions, we get 


r? = Заб 
Therefore, 
ao 2e* oat = 6 e2 ay 
pero CR 


CHAPTER 13 


Elements of Quantum Statistics 


In Chapters 3 to 11, Quantum mecbanics of simple chemical 
systems such as atoms and molecules have been discussed. Chemi- 
cal bonding in molecules has been interpreted in terms of quan- 
tum mechanics. Non-chemical interaction between molecules has 
been discussed in Chapter 12. In this chapter we are concerned 
with the statistical behaviour of group of molecules or atoms. The 
logical theoretical tools for the study of such behaviour are kine- 
tic theory and statistical mechanics. We shall not develop Quan- 
tum statistics in the chapter as it is understood formally by 
physicists. The main emphasis here would be on the relation bet- 
ween kinetic theory, statistical mechanics and Quantum mechanics. 


Attention would be drawn to modifications needed for defining 
probability density for quantum systems. 


13.1 Quantum Effects in Kinetic Theory 


In kinetic theory, molecules are treated like rigid spheres and it is 
assumed that these obey Newtonian mechanics. All the properties 
of gases are satisfactorily predicted on the basis of such a picture. 
On the other hand, it becomes necessary to assign wave proper- 
ties to electrons for which Newtonian laws of motion are com- 
pletely inadequate to describe their motion. Both molecules and 
electrons are small particles. The question is, where is the divid- 
ing line so far as the application of quantum mechanics and 
kinetic theory is concerned. According to uncertainty principle; 


181 


4v, Ах ~ a Шт 


where Av and Ax represent the uncertainty in velocity and posi- 
tion respectively and h is Planck's constant. a is numerical factor 
a knowledge of the exact magnitude of which is not significant. 
Thus, the product 4v.4x is greater when т is small. Electrons 
are much lighter than molecules. Hence, in case of electrons, the 
position and velocity of electrons cannot be precisely assigned 
simultaneously. This is not so in case of molecules. 

However, when molecules come close to each other quantal 
effects may become significant. Intuitively, this would depend on 
the ratio r of de Broglie wave length and the collision diameter с 


h 


ie, = —————— 
б 42 то (m КТ)\? 


where 
m = mass of the molecule 


k — Boltzmann constant 
T = temperature in °K 


Each molecule may be supposed to be surrounded by a wave field 
so that the effective diameter of molecules would be larger than 
that predicted by the classical theory. The value of r is less than 1 
for helium while for hydrogen it is somewhat larger than that for 
helium. In fact, serious discrepancies have been observed when 
viscosity of helium calculated on the basis of kinetic theory (rigid 
spheres) is compared with the experimental values. 

The unusual phase diagram of helium, abnormal properties of 
helium at low temperature including the deviation from the 
principle of corresponding state for noble gases are all due to 
quantum effects. According to the quantum mechanical theorem 
of corresponding state, the reduced pressure p* is a function of 
reduced temperature Т*, reduced volume V* and A* defined by 


уже [a (13.1) 


в Vme* 


where e* is the force constant in the intermolecular potential 


e(r) represented by 
e()=ef (=) (13.2) 
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Here є is the potential energy and ғ denotes the intermolecular 
separation, is equivalent to collision diameter. A* takes into 
account the quantum effects and is related to de Broglie wave 
length. It is obvious that larger would be A*, smaller the value 
of m and «*. Although, hydrogen is the lightest molecule, «* for 
hydrogen is greater than that for helium. Hence, helium displays 
much more pronounced quantum effects. 

Quantum mechanical theorem of corresponding states was de- 
duced by Byk and de Boer. A brief outline of the deduction is 
given below. The translational energy level of the system can be 
obtained by the following Schródinger equation, 


[^ pus rtm (2)- E | be n ra tn) = 0 
(13.3) 


where у, is the wave function corresponding to the energy level, 
E. V? is the Laplacian operator. r},..., ry denote the posi- 
tional coordinates of the molecules. If we introduce the reduced 


variables, then p ‚ the reduced Laplacian is given by; 


~ д? д? д? 
p= + 
! Qus  A(Vijc)* = 0 (Zijo)? 


equation (13.3) would be transformed as follows: 


Boo i» 
[= $m My д 9 (#)- =| Yr (Ty. ++, гм)=0 


The reduced energy levels would depend on N, the number of 
p 

molecules, — and 
о 


П f 
——7———— and hence it can be shown that 
с Vm e* 


o 4m e* 


Es mi (2. Maa (13.3) 


It should be noted that À*—0 for heavy molecules and classical 


approximation is valid. Values of А+ for a few gases are recorded 
in Table 13.1. 
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Table 13.1. A* for gases 


Gases ae 
H: 1.729 
HD 1.412 
He 3.000 
He 2.67 
Ne 0.593 
A 0.186 
Kr 0.102 
Xe 0.064 
CH, 0.239 
Nz 0.226 
co 0.220 


13.2 Relationship of Quantum Mechanics and 
Statistical Mechanics 


Statistical mechanics and quantum mechanics are interrelated in 
many ways. In one of the methods of the derivation of Maxwell- 
Boltzman distribution law, it is assumed that the allowed energy 
levels for the particles (atoms, molecules, etc.) are known from 
quantum mechanics. 

For evaluation of partition function in statistical mechanics, 
allowed values of rotational energy Er, translational energy E; and 
vibrational energy Ei» are needed. These are given in Table 13.2. 
E, and Eyi аге evaluated as follows. 


13.2.1. a) Ricip DIATOMIC Коток 
The motion of two particles of т and т» which are joined by 


a rigid connection of length A so that their centre of mass always 
remains at rest, is equivalent to the motion of a single particle of 
reduced mass p at à distance R from origin of coordinates. For 
such a purely rotational motion V — 0, so that the Schródinger 


equation for the system would be given by: 


p 
=н гр = Еф (13.4) 
In terms of polar coordinates this would be written as 
1 2 (sin 0 2%) 1 y STIL, 
sin 0 ds °бу) moo 8 Ey —0 (13.5) 
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On solution, the rotational energy levels E}, are given by 


h2 
ES т=з à 
EL. 7(7+1) ктт (13.6) 
where J = 01,2... and is called rotational quantum 
number 


b) HARMONIC OSCILLATOR 
The Schródinger equation for harmonic oscillator is written as: 


C t Е =. [Е— V (x)] = 0 (13.7) 


where the potential energy V (x) for harmonic oscillator is given 
by 

V(x) = } Kx? (13.8) 
K is called the force constant and is related to the frequency v by 


the relation К = 4 7? y? x. Thus, the wave equation for harmonic 
escillator becomes 


ay ,8z 2 y2 
CH See eztv pw y=0 (13:9) 
It can be solved by rewriting it as: 
а 
d [еа арр = 0 (13.10) 
where 
__8п2р Е 5 16 4 242 
= p anda = (13.11) 
On solution, the above equation yields the energy values 
E, = (v + 3) hv (13.12) 


where v is called the vibrational quantum number which can have 
the values 0, 1, 2, 3,... 


13.2.2 MAXWELL-BOLTZMANN STATISTICS 


Following assumptions are made in the derivation of Maxwell- 
Boltzmann statistics: 


1) Individual particles are supposed to be indistinguishable. 
2) Any number of parcticles can be assigned to any level. 
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In case of elementary particles or a system of species containing 
number of particles, restrictions are imposed due to Pauli Ex- 
clusion Principle-according to which no more than one particle 
can go into each energy level. Thus, in case of electrons, one elec- 
tron will occupy one specific energy level. Further, if the particles 
considered are composed of an even number of elementary parti- 
cles, any number can be accommodated in a single energy level. 
These two situations give rise to Fermic-Dirac and Bose-Einstein 


statistics as described in Table 13.3. 


Table 13.2. Allowed values of energies needed for computation of 
partition function 


Allowed Obtained by the solution 
Type of energy values of of the appropriate Schró- 
energy dinger equation for 


a free particle in one 


Translational energy йге i s 
ranslational energ; Sma? dimension along the 
length а 
" 4 а 0 (J+1) А a rigid-rotor model for a 
Rotational energy ПЕ diatomic molecule. 
Енш = (+ 0) л а harmonic oscillator 


Table 13.3. Fermi-Dirac and Bose-Einstein statistics 


With the restriction 
that there is only 


one particle per 


Fermi-Dirac statistics 
ber of elementary 


М, = PEN (m З 
17 exp(a+B є)+1 particles (e.g., elec- 
trons, protons) state 


N, = number of particle а and В are constants 


in the jth level 


g, = degeneracy factor 
Applied to even num- The particles are 


Bose-Einstein 
statistics ber of elementary distinguishable but 
particles (e.8., deuter- there could be any 
number of particle’ 


ons, photons) 
per state 


13.3 Quantum Statistics 


nics, the state of a system is described by its 


In classical mecha ; 
ordinates in space. In quantum me- 


position and momentum co 
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chanics such a precise specification of state is not possible on 
account of Heisenberg's Uncertainty Principle. Thus, in quan- 
tum mechanics, the state of a system is described by a wave 
function у. For a single particle, у, is a function of coordinates 
x, y, zand t, i.e., V (x, у, Z, t) or (q, t). 

(q, t) can be expanded in terms of a complete set of normalis- 
ed orthonormal basis functions as follows: 


y (q, t) = Ya (k, t) u (u, а) (13.13) 


where u(k, q) denotes the set of normalised orthonormal basis 
function having a probability amplitude as a(k, t). 
The probability density W (q, t) would be given as 
W (q, t) = p* уф = a* (k, t) a (k, t) (13.14) 
where * represents the complex conjugate. Here W (q, t) is the 


probability of finding a system in the state characterised by value 
k. It follows that 


E W (4, t) = Уу, a* (k, t)a (k, г) = 1 (13.15) 


The probability amplitude a(k, t) is related to density matrix 
Pmn as follows 


1 
Pmn = cui a* (m, t) A (n, t) = at, a, (13.16) 
== | 
The mean probability density W, can be written as 
W, = Pan = а а, (13.17) 
Pnn are the diagonal elements of the density matrix. It is obvious 


that 


DL Pm = У W, = у аа, (13.18) 


In equation (13.18) Y^ pa, = sum of the diagonal elements of 


the density matrix. This 


sum is called the trace of a matrix. 
Hence, 


x Pnn = Waa = Trace p = 1. (13.19) 


The implicati Р 
bris ications of equation (13.16), (13.17) and (13.18) are as 


a) The density matrix is Hermitian and can be finite or infinite. 
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b) Equation (13.17) gives the probability that a system chosen 
at random from the ensemble is found ina state characteris- 


ed by the value ne. 
c) The diagonal elements of a density matrix are always posi- 


tive and their sum necessarily equals one. 
d) All the systems of the ensemble are found in the same 


quantum mechanical state defined by non-vanishing eigen 
values of the density matrix. In terms of density matrix en- 


tropy would be given by 
S = k trace pl; р (13.20) 
It should be noted that the classical operation of integrating 
the density p over the whole space is replaced in quantum me- 
chanics by the process of taking the sum over all diagonal ele- 
ments of the density matrix orthe trace of the matrix. 
The above equation can be written in alternative way in the 
following form: 
$ = 5 In (trace p?) (13.21) 


CHAPTER 14 


Mathematical Techniques 


14.1 Determinant 


Consider the simultaneous equations in variables x, and x2 
ах + an X2 = hı (14.1) 
аз xı + 422 X2 = h (14.2) 
where aj; and h; (i, j = 1, 2) are constants 
On solving, we have 
Xi = (hy аз— hz a12)/ (11 a22— аэ аз) (14.3) 
x2 = (h an — h ar1)/(ay, a2— аз a21) (14.4) 


The expressions in the numerator and denominator of both solu- 
tions arise from the familiar procedure of cross-multiplication to 
bring about elemination, for example 


ац а12 

X yielding а ann—an ал 
x м 
21 22 
Ы ay ау 
Which we can represent as | ^! 2 |a 
= 412—424 
ай & 122— 012021 


Using equations (14.3) and (14.4) we can solve the following 
equation 


4х + 5у = 7 
3x — 10у — 19 
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yielding x — 3, and y — 1 
Let us consider the determinants 


a bi 


az b; a bi 


= ai by—as by or @ bı—a bz 


The products a bz, a2 bı are called the elements of the deter- 
minant; а bı а, bare the constituents of the determinant. When 
only two elements are involved, the determinant is said to be of 


second-order. 


14.1.1 EXPANSION OF A DETERMINANT 
Let us consider the determinant 


a bi с | 
a b с|=0 
аз Ъз Сз | 
which can be expanded as follows 
[ВКК pes ЕК" 


Thus the determinant is expanded by reducing the determinant 


to lower order. 


14.1.2 FUNDAMENTAL PROPERTIES OF A DETERMINANT 


The properties of a determinant are listed below: 
1) The value of a determinant is not altered by changing the 
columns into rows or the rows into columns. For example 


di az 
bi b; 


а bi 
az bi 


he numerical value of a determinant is alter- 


2) The sign. not t 
o rows, or any two columns. 


ed by interchanging any twi 


Thus 
bi a 


ba: а 


a bi 


a bz 


3) If two rows ОГ two columns of a determinant are identical, 
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the determinant is equal to zero. Thus, 


a, a, с\ 
a2 a2 с |= 0 
аз аз [4] 


4) When the constituents of two rows or two columns differ 
by a constant factor, the determinant is equal to zero. 


Thus, . 
4 1 5 1 1 5 
8 2 6|24)2 2 6|=4х0 = 0 
12 3 7 E 3 7 


5) If a determinant has a row or column of cyphers it is equal 
to zero. Thus, 


0 bi сі 
0 b; о |= 0 
0 b3 єз 


6) Multiplication by a factor is done as follows: 


| ai bi сі ma, bi сі 
т | Ф bj с›|=|т5 b2 c2 
| аз Ъз сз таз bs сз 


7) One row or column of any determinant can be reduced to 
unity. For example 


Bill Mal us Rea w dra ed 
2) аав] 9 Т E. 
16 7% $ 847 6 


8) If each constituent of a row or column can be expressed as 
the sum or difference of two or more terms, the determinant 


can be expressed as the sum or difference of two other 
determinants. Thus, 


“atp b сү a by aer 


p bà a 
4 tq b c|—-|a b eig b ec 
Latr boc аз фз c | b сєз 
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14.2 Matrices 


Let us consider the following set of equations 


ах + di2X2 +... + ain Xn = у 


azı Xi + d22 Xa +... + Gon Xn = ya 


ату X1 + Am2X2 +... + Amn Xn = Ym 


We can arrange the above in an abbreviated way by writing 


ап 412... Ain х1 yı 
a21 A22 ... Aan X2 ya 
Amı Am2 +++ Amn Xm Ym 


The first set of detached coefficients ay set out in m rows and n 
columns is called a matrix of order m by n or mXn. The numbers 
а are called elements of the matrix, ау being the element of ith 
row and j'^ column. The matrix as а whole is denoted by [4] or 
by [ал]. 

The algebra of matrices has a very close resemblance to the 
algebra of ordinary numbers. There are rules by which matrices 


A and B can be added, subtracted, multiplied and divided. These 


are, 
i) Addition of matrices 

A+ B = [а] 5 [by] = [ау + bl 
To add together two matrices A and B of thesame order m x n, we 


add their corresponding elements and take the sums as the corres- 
the sum matrix which is denoted by 4 + B. 


ponding elements of 
ii) Scalar multiplication 
To multiply a matrix 
elemets ау by A 
iii) Matrix multiplication 
BA=C 
where B is of order m Xn 


A is of order n XP 
C is of order MXP 


A by a scalar number А, we multiply all 
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The multiplication is possible only if the number of columns 
in B is the same as the number of rows in A. 

We discuss below three types of Matrices viz., Unit Matrix, 
Scalar Matrix, Diagonal Matrix. Consider the following set of 
equations. 


= 
ya 10 X2 
з=...... хз 
The matrix is 
1 0 0 
0 1 0 | iscalled unit matrix ~ 
0 0 1 
It is denoted by 7 such that 
: ап = 1 
a; = 0 
izj 


14.2.1 SCALAR MATRIX 
Al is a scalar matrix defined by 


ha 0 60 
T= ху 0 
À 


AA = МА = AM = dX. 


In symbols 


Diagonal matrix-A square matrix with its non-diagonal elements 
zero is called a diagonal, or quasi-scalar matrix. It is thus defined 
by ау = 0, i Æ j. Thus, following would be examples of diagonal 


matrix. 
А 1 0 0 Га 11 0 0 0 
0 А © ог | ag 0 
0 0 
LO 0 0 алм 


The matrices, under suitable restri 
the following laws, 


ctions upon their orders, obey 
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А+В=В-+ А, Ac (BC) —(A— В+ С 
A (B--C) = AB+ AC, (B +С) А = BA + CA 


which. are the ordinary laws of elementary algebra, except for the 
omission of the commutative law of multiplication. 


14.2.2. TRANSPOSITION 
From matrix A we may construct a new matrix the rows of 


which are the columns of 4, and consequently the columns of 


which are the rows of A. 
The resulting matrix is called the transpose of A and is denoted 


by A’. The operation is called transposition. This has no analo- 
gue in ordinary algebra. Symbolically, the operation, is represent- 


ed as 
A’ = [aul = [ai] 


liar bi ei 
as [ bi J 


For example, if 


then 


A symmetric matrix is one which is unaltered by transposition, 
so that A’ = A. It follows that sucha matrix must be square and 
symmetrical about its principal diagonal so that aj; = ay. 

If A’ = A, and ан —— ар, the matrix 4 is called skew sym- 
metric or antisymmetric. ғ 

For example, 


a h g 
A-|h b У |issymmetric 
|g. Ae 
o а b 
A —|-a 0 c | is skew symmetric 
рис. 0 


CONJUGATE OF A MATRIX 


14.2.3. COMPLEX 
f А аге complex number а, we denote their 


If the element o 
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complex conjugate by ду. The matrix [4;;] is denoted by A and is 
called the complex conjugate of A. 

If A’ = A the matrix A is square and is unchanged by the 
operations of transposition and taking complex conjugates. Such 
a matrix is called Hermitian. However, if A’ = — A, the matrix 
A, which is square is called skew Hermitian or anti-Hermitian. 


14.3 Operator 


An operator is a symbol for mathematical procedure that changes 
one function into another. For example the symbol У represents 
the operation of taking a square root. A list of some typical 
operators along with the result of their operation on the function 


Table 14.1 Some typical operators 


on Y 


1. Multiplication by the 
constant c е; 


c. y 
2. Taking the square (d t yt 
" А " d dy 
3. Differentiation with respect to x d de 
4. Integration with respect to x f ( )dx f y dx 
5. Addition of x xd x+y 


which is called operand is given in Table 14.1. These operations 
can be written in the form of the following equation, 


(operator) x (function) = (new function) 


In the Schrédinger equation 
Hj = Ej 


н = (v- 


21а 
Sram 7 ) s an operator 


If a body is rotated by 180° about the z axis, the x, y and Z 
axes themselves being fixed in space, then f (x, у, z) will be chang- 


ed into a new function f '(x yz): This is an operation in the 
sense described above, 
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This operation is denoted by thesymmetry operation. Another 
symmetry operator is сх» which represents the reflection of a 
body in the x— y plane. 

Operators which involve differentiation are called differential 
operators. Such as 

E o p ә 
27:207 gza 


V 


If a function f and an operator « are related as follows: 


af = af 
where a is a number. Then f is said to be an eigenfunction of the 
operator ж and a is said to be its eigenvalue. Thus in the equa- 


tion 
Hj = Ej 

y is the eigenfunction and E is the eigenvalue. Similarly since 
ЫЕ 
dx 


e2x is an eigenfunction and 2 is the eigenvalue. 


(е2х) = 22e» 


14.3.1. ALGEBRA OF OPERATORS 
If «, Band Y represent three different operations, then the ex- 


pression 


2 BY f(x) 


ate on f(x) with y and then operate on 


means that we first oper 
the resultant with В and finally operate on the resultant of the 
last process with 2. The order of application of the operators is 


always from right to left as they are written. 
If the result of the two operations is the same irrespective of 


the order of operation, the two operators are said to commute, 


so that 


apf=Baf 
rmed by adding and subtracting opera- 


New operators can be fo 
perators, we have 


tors. Thus if « and are o 
of + pf = @+ BS 
af = Bf = (a - BF 


(о + B) and («— B) аге the new operators. 
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14.4 Functions 


If we plot a certain quantity depending on x against x and P 
we get a well-defined curve, we call this quantity asa function о 
x and denote it by f (x). If f (x) = cos xand f (х) = 22, we wil 
get the curves asshown in Fig. 14.1. There is no break in thecurve 
ineither case, hence f (x) is continuous for the two cases. 


f(x)=Cos ж 


f(x) =x? 


f(x) x f(x) Sin x 


Fig. 14.1. Examples of continuous functions. 


Further the above two functions are even functions. | Even 
function is one whose graph for negative x is just a reflection in 
the y-axis of its graph for positive x. On the other hand an odd 
function is one like x or sin x for which the values of f (x) and 
f (— x) are negatives of each other. Thus, by definition 

f(x)isevenif f(-x) = fo) 
F(x) is odd if f(-x) 4 f(x) 
Rules for obtaining the product of functions are as follows: 
1) even function x even function 
= even function 

2) odd function x odd function 
= even function 

3) odd function x even function 
— odd function 
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Some functions are even, some are odd and some (for example 
e*) are neither. However, any function can be written as the sum 
of an even function and an odd function. 


THE ERROR FUNCTION 
The error function is the area under a part of the curve describ- 


ed by y = ¢-*2. The error function is defined as 


Y 
erf(x) = = | e” dt 
у(х) p 
,9 
Following are several useful facts about the error function: 
1) Error function is odd; that is, 
erf (—x) =— erf (х) 
2) erf (co) can be evaluated as follows 
ў 2 a p | 
- d = -= 4 == mim. 
ремне амттан 


0 


erf (®) = = 


3) For very small values of x, erf (x) can be evaluated by 
expanding e-^ in a power series and integrating term by 


term. 


CHAPTER 15 


Orbital Symmetry Conservation 
in Chemical Reactions 


"Quantum mechanics can be used to predict the feasibility of a 
certain class of reactions e.g., electrocyclic reactions. This is 
governed by Woodward-Hoffmann symmetry conservation rule. 
It is intended to discuss this aspect of quantum mechanics in tliis 
chapter. Before we discuss a specific example, we will make a few 
comments on the symmetry of orbitals.” 

The wave function for the т orbital of ethylene has no nodes, 
whereas the wave function for the z* orbital has one node. 

The т orbital of ethylene has a plane of symmetry с which 
bisects the molecule and is perpendicular to the molecular plane. 
The 7* orbital has a two-fold symmetry axis C; in the plane of 


the molecule, perpendicular to the carbon-carbon bond and bisect- 
ing the molecule. 


It should be noted that т orbital does not possess C; axis of sym- 
metry as defined above for т* and similarily z* orbital does not 
have the plane of symmetry о. It is obvious that the two orbitals 
would transform differently on application of the symmetry ope- 
rations of о and C;. We have seen earlier that an orbital is sym- 
metric with respect to a symmetry operation if application of the 
symmetry operation produces an identity and antisymmetric if it 
does not z* and = orbitals are antisymmetric (4) and symmetric 
(S) with respect to symmetry operation с whereas these are syIn- 
metric and antisymmetric respectively with respect to C; opera- 
tion. The results can be briefly summarised as follows: 
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М nes С; axis 
A 
~< 


Seye: 


iy {ЛА | 
ere 719 v plane 
O16 


Fig. 15.1. Orbital representation. 


с 
т* Antisymmetric (A) Symmetric (S) 
т Symmetric (S) Antisymmetric (A) 


We can similarly examine ‘the symmetry characters of orbitals of 
bütadienes with respect to с and C; operations. The four mole- 
cular orbitals of butadienes* may be represented as in Fig. 15.2. 

The result of the symmetry operations with respect to o and 
С» would be as follows 


c C 
ypa A S 
ys S A 
V2 A S 
d 5 А 


We shall now consider the symmetry control of Electrocyclic 


Reactions. 
We consider the conversion of cyclobutene to butadiene i.e. 


from the view- point of symmetry conservation rule: 
According to orbital symmetry conservation rule, the ground state 


porrn 
* (Cf. Fig. 10.3). 
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Big. 15:3. Су symmetry of butadiene. 
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be allowed. Thus the orbital symmetry is conserved’ throughout. 
In a concerted reaction, a symmetric orbital in the starting mate- 
rial must transform into a symmetric orbital in the product and 
that an antisymmetric orbital must transform into an antisymme- 
tric orbital. Following are the orbitals which undergo changes 
during conversion of cyclobutene to butadiene. 


d 


CH; ——- CH; 


Fig. 15.4. Conversion of cyclobutene to butadiene. 


Cyclobutene Symmetry Butadiene Symmetry 


character 
o* A ya A 
т* А ys S 
S ho A 
c S yi S 


s obvious that both the molecules have the plane of symmetry 


It i 
с so that orbital symmetry is maintained throughout the reaction. 


Correlations of the orbitals is demonstrated in Fig. 15.5. 


A c* rivu лнй is CR 
Yad 


ГАЗ 


УА 


о 


Fig. 15.5. Conservation of orbital symmetry. 
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The orbitals connected by the lines transform into each other. 
The cyclobutene ground state c? z? correlates with a doubly ex- 
cited state у? V2 of butadiene. This is not allowed by symmetry 
conservation rule. However, the first excited state of cyclobutene 
c? «7* correlates with the first excited state of butadiene 
V? p2 уз. According to symmetry conservation rule, the disrota- 
tory process is photochemically allowed in either direction. 


m 


PROBLEMS 


General Principles of 
Wave Mechanics 


Give a brief account of Planck’s quantum theory. How is 
the average energy of an oscillator calculated? Derive Eins- 
tein’s expression for the specific heat at low temperatures 
and discuss its limitations. 

What is photo electric effect? How is threshold potential 
measured? Give the theory of phenomena. Describe an ex- 
periment for the determination of Planck constant. 

Discuss Bohr model of hydrogen atom. Deduce an expres- 
sion for the energy levels. Explain the significance of four 
quantum numbers. 

What do you understand by (1) Photo electric effect 
(2) Compton effect? How has the former been utilised for 


the determination of Planck’s constant. 
Discuss the quantum theory of black body radiation. In what 
way is this an improvement over the theories of Rayleigh 


and Jeans? 
Comment on the dual nature of electron. How was the wave 


nature of electron established? 


Discuss Heisinberg’s uncertainty principle. 


. Write an essay on the dual theory of matter and give eviden- 


ces to show that matter can be treated as waves. 
What is de Broglie relation? Derive Schródinger wave equa- 


tion for hydrogen atom. 
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10. 


11. 


12. 


13. 


14. 


15 


16 


17 


18. 


Write down Schródinger wave equation and explain various 
terms. 
Obtain the solution of Schródinger equation for free particle 
moving in a box. Show that the spacing between the levels 
is greater where (i) the mass of the particle is smaller and 
(ii) size of the box is smaller. 
Give an account of wave mechanical theory of covalence. 
What is understood by resonance? 
Solve the Schrédinger equation for a particle in a rectangular 
three dimensional box. Comment on the use of this model 
in explaining the spectra of certain specific molecules. 
Taking the case of linear harmonic oscillator, show that the 
quantisation of energy of dynamical system follows as a 
necessary consequence of obtaining acceptable solutions of 
its Schrödinger equation. 
Give a solution of Schródinger equation fora linear har- 
monic oscillator. 
Give the outline of: 

a) Perturbation method 

b) Variation method 
Calculate the wave length of (a) proton (b) an electron 
accelerated through a potential difference of 1 meV. 
Hint: Any particle of mass m moving with a velocity v has 

associated with it a wave length 


A charged particle which has been accelerated through a 
potential difference V, has kinetic energy equal to 


1 
+ т? = 300 ` e.V. 


e = electronic charge, V = potential difference, Factor of 
300 arises in the conversion of units. Thus combining the 


above two equations: 
à — 3004 
42m e.V. 


For a particle of mass 9 x 10-28 gm confined to one-dimen- 


sional box 100 Å long, calculate the number of energy levels 
lying between 9 and 10 ev. 
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Solution 
The allowed energy levels of a free particle of mass m con- 


fined to a one-dimensional box of size a are given by: 


RU 


n= gd where n — 1,2,3....etc. 


or 


8ma? 
= TE E, 


number of energy levels between energy E,, and E,2 would 


then be: 
&ma? 
n-—n» -[ ra |н == Ej) 
Е = 10X1.6 X 10772 ergs m = 9x107 
а = 1056 ст 
h = 6.6х 1072? 


En = 9х1.6 х 107? ergs 
then n – п2 = 3. 
19. Calculate the minimum uncertainty in the position or velo- 
city for following cases: 
a) an automobile moving with 60 + 0.001 km/hr (mass 
— 1000 kg). 
b) A bullet whose position at time f is known to 
+ 0.01 mm (mass = 10 gm). 
c) Hydrogen atom whose velocity is known to + 1 cm/ 
sec. 
d) An electron whose position is known to + 1.0 A. 
Hint: Uncertainty principle in position and velocity can be 
written as: 
AXA vy ~ h[m. 
where m is the mass of the particle 
20. A snail of mass 1 gm is travelling ata velocity of 0.1 mm/ 
sec. What is the uncertainty in position? 
21. Show that when пх = n, = П: = 0 fora particle in a box, we 
have an infinitily large; wavelength or uncertainty in position. 


Solution 
The energy eigenvalues for a particle in cubical box of size 


a are given as: 
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22 


23. 


2 
Е = i3 (12 + n + n?) 


Where nx, n, and п, are quantum numbers. In the present 
case nm, = n, = п. = 0, therefore E = 0. 


2 
But E = = where p = momentum; then p is also equal to 
zero. From de Broglie relation А = Мр 
since p=0, А= о 


and from uncertainty principle 


Ax = d = o 
р 
What is the degeneracy of the level for which 
4 | 14h 
) ~ 8 та? 
27 2 
Dip es 8 ma? 


and what are the values of Ny, пу and nz. 
Solution 


а) т + п? + п? == 14 the possible arrange- 
ment could be 


Hence degeneracy is 6. 
b) Пу = ny, = п, = 3, 

For à free particle in one dimensional box of length a, у 

function for ground state could be assumed to be cx (x— a), 

Where c is a constant. Show(that this satisfies the boundary 


condition. Calculate E for ground state using variational 
method. 
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Solution 
The trial wave function — cx (x — a). The boundary condition 
for one dimensional box are 


ш (р) = (0)atx = 0 andy(a) = 0 аіх = а. 
Thus y satisfies these boundary conditions 


a 


Гунах 
Тһе energy Е = 
[oto ax 
0 
Н Ч 2 2 
Now [y Hy dx = [0-9 (аа) 6-9 ах 
0 0 
3 £i 
=- go | 06-024 
0 
mr т 
=~ жан 50-9 tane 


а а 

5 

Further, |» y dx = | x? (x—ay dx = a 
0 


0 


wa 30_ sm 
Therefore Е = дл aS Fa? та 


It should be noted that for 7? case when true wave function 
is 
V = Asin nT* the energy of ground state 
a 
h? 
Е = g ma 
Thus the difference in the ground state energy using true 


wave function and approximate wf. = 1.3%. 
24. Consider a particle in one-dimensional potential well. The 
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potential energy is given by V (x) — c. =. Estimate the Ist 
order perturbation energy of the system. 


Solution 
For unperturbed system the Hamiltonian operator H? is 
given as: 


2 2 
Heus к when V (0) = 0. 


» SQ naX 
and the unperturbed wave function are y = A sin = 


. NTX ; 2 
= Asin——-. where А2 = — 
a a 


from normalisation. Further, 


_ ud 


o -—— 
T Зта? 


The Hamiltonion operator Н, for perturbed system is given 
as: 
H= Н° + Н' 


Where H' is due to perturbation, or 


The energy of the perturbed state E = E? +E 


a 


< ATX x . ATX 
A: sin TE. (c=). 4 sin ™ - dx. 
where E' = ° 


ETE 
A? sin? а ах 


2nvx ] 


a 
с 2 
L-—|x. 
7 sin dx. 
0 
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25. Show that functions 
а) V = c exp (ax), where a is a constant 
b) у = 8 exp (5x) 
are the eigen functions of the operator (d/dx). Calculate the 
eigen value. 
26. Show that the function y = x exp (— ax?) is an eigen func- 
tion of the operator (d?/dx?). What is its eigenvalue? 
27. Obtain the Schrédinger equation for a free particle in a ring. 
Deduce expression for energy and wave function. How can 


this solution be applied to benzene? 


1. 
2. 


Quantum Mechanics of Atoms 


Give the wave mechanical treatment of hydrogen atom. 
Discuss the perturbation treatment of the ground state of 
Helium atom. How does the exchange degeneracy arise? 
How can you prove that total wave function must be anti- 
symmetric to inter-change of electrons? 


- Calculate the Bohr Radius of He* and Li?*. 


Hint: According to Bohr theory radius of nth orbit of an 
electron of mass m, moving around a nucleus of 
charge Z.e is given by: 

Bm 
«o 4m meZ 
for Ist Bohr orbit 
n 
LE EM 
47? me? Z 

Het and Li2+ are hydrogen like atoms since they also have 

only one electron moving around charge 2e and 3e respecti- 

vely. 

A positive and negative electron can form a short lived 

complex called positronium. Assume that the Bohr theory 

of the hydrogen atom could be applied to positronium, cal- 
culate the: 
a) Energy difference between its ground and first excited 
state. 
b) Bohr radius. 


Solution 


Fn whenn —1,2,3... 


According to Bohr theory the radius and energy of the nth 
Orbit is given by: 


5. 
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222 Ze 1 2 L2 
p . айй ing mh 


oS М „—— = 
12 n Aue Z 


where p is the reduced mass of the system and is given by 


my m» 


p=- - 
m; + m 


In case of positronium, an electron moves around a position 
, 
both have same mass equal to the mass of an electron m, 


therefore the réduced mass p = us and Z = 1. Thus 


и. 22? met E. 2h h2 
E =- 2 "= t game ime 
and 
27? me'. т? met 1 
Ег opa a e [1-4] 
0 39] me 
i 4h 


The values of E compared to hydrogen atom is just half and 
the Bohr radius is just the double. 
Calculate the following for positronium: 


a) Ionisation energy, 
b) Energy level of the first excited state, and 


c) Radius ао in the ground state. 
Hint: for ionisation energy ™ = 1 and m = oo. Use the 
expressions for energy and radius given in problem 


No. 4. 
Show that the у, function for hydrogen atom is orthogonal 


to 2. and y; functions. 


Solution 
1 "MU 
yi, for hydrogen = c3 e7rias 


x) das (Moy ios d Vg 
va T езт (2 z) a 


Two wave funetions are said to be orthogonal if 


jue? 
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90 


Therefore, 


co 


Па, 3i г) z 
L-——-I(2-—)|e2 4rr2 år 
| 4422 Ут [m ao } © 7 


0 


should be Zero 


| 1 T 2 r —3r[2a, 
T $53 r а е odr = 0 
ò 


the integral can be evaluated by using the integral 


! 
ni 
"HM e-ax dy = + 
[х ee dy Zn 
ò 


Consider an electron in a hydrogen like 2p. orbital, what is 
the relative probability density that it will be at 6 = — and 


2 
0 = 45? (i.e. on the X-axis and 45° to it). 


Solution 
1 (EPE) = 
Qp, = — | — | е7"/2а, cos 0 
dete 44[ 22 \ао ао 
the probability density — 42, 


1 lassi n 
== a) rers cos? à 


when 9 = 90? or 7/2 4$, = 0 
when 9 = v4 Vip = mas r? eria, 


The wave function for 
hydrogen atom is Vis 
us of the Bohr orbit. 
tron will be found so 
is the probability tha 
Solution 


the electron in the ground state of 
= (7a0) 1/2 era, where ap is the radi- 
Calculate the probability that the elec- 
me where between 0.9 and 1.1. What 
t this electron will be beyond 2а? 


The probability that the electron will be found between 0.9 
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ыла, 


. and 1.1 = pt, Ат r? dr 


ll 
5] 
ы 
— 
A 
5 
о 
х 
© 
сш” 
| 
15 
М 
BS 


Put — = х; Һепсе 4" = 40 ах 
2 


Hence, the probability = 4 | x? e~" dx 
1.8 


E 2. 
—4[-x?e*—-2xe*—2e] 
1.8 


= pero? + 2х + 2) à 


= 4 (8.84x 1653— 11.24 x 1108) 


=q 46—1.245) = 2210 


= 0.1073 ANS. 
Probability that the electron will be found beyond 2ao 


E 
4 

= r2 e?ría, dr as done above 
ao 2a, 


4 
= b+ е (2 + 2x + 2) 
=te4(16+8 +2) = 13 хет = 0.238 ANS. 


9. Show that the hydrogen wavefunctions for / = 1 have maxi- 


mum value along the direction of the cartesian axes. — * 


Solution 
к 1 (4 ANSI лЗ 
= — — e724) cos 0 
) Vp = т al a ° x 
Condition for maximum — а zx0 


Differentiating w.r.t. 6 we get 
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f 3/2 
T 


Therefore 0 = 0 or т. Hence maxima is along Z-axis. 


1 1 үе p 
ii) Simi Dp zs d P Bena 
ii) Similarly 2p, H (=) Е eri2u, 
sin cos ф 
dy — 1 () or [2a, 60 
ae ie \йо ET e » COS $ cos 
therefore 0 = = ог 37/2. 


Hence maxima is along X-axis. 


Ш) For J2p, = : Leet ев sin 0 sin $ 
PY Win 026) a i 


the maxima would be along Y-axis. 
10. Find the direction in cartesian coordinates in which the an- 
gular wave functions of hydrogen for / = 2 have maxima. 
Hint: The angular w.f. for | — 2 are 


450 (3 cos? 8— 1) 


A 
= 
s gl 


) à sin 20 cos ф 

1/2 

) sin 20 sin ф 

) sin? 0 cos 26 

12 
ie) sin? 9 sin? ф 
condition for maxima = йш =0 
d6 
ANS: (o. 7/2, т and 3) 4 em m 3r 


т 
5» 7 and 7- 


11. 


13. 


14. 
15. 


16. 
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The 15 wave function for hydrogen atom is: 


1 
100 P е"! 


TAD 

Compute the probability of electron being at 

a)r=0 and r= ao/2 

b) r=0 and r= ao 

с) r=0 and r = 3/2 ао 
Hint: Same as 8. 
Show that for the ground state of hydrogen atom, the quan- 
tum mechanical treatment requires thatthe most probable 
value of the function 47 r? у? related to the probability is 
obtained at the distance r from the nuclei equal to Bohr 


radius ао. 
—2r 


Function Р = 4r r? exp (ar) 
o 


The function would be maximum when ae =10 


25) X 
ie. when 47 2r exp (=2)-4 r? 2 exp (=) =O) 
0 0 


ie. when r = 4o 
a) What would be the value of (15) at r= 0 « } 
b) What would be the value of (25) when Zr = 2ao 
c) What would be the value of p2s at 0 = т[2 
у2рх when ф = т[2 
y2p. when ф = 7/2 
H №, T 
d) Calculate ratio of —— when 0 = т and — 
Vi, 3 
Show that ул. isa continuous and single valued function. 
Write the Schródinger wave equation for the following atom: 
a) He, Li* 
b) multi electron atoms. 
explain the various interaction terms. 
Plot the probability distribution function V5, as а function 
of 0 given that: 
$2, = constant (1 + cos 28) 
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Solution , 
values of 0 and cos 20 are given below 


9 15° 30° 60° 90° 120° 150° 180° 210° 270° 300° 360° 
cos 20 0.866 0.5 —0.5 —1 —05 05 10 0.5 -10-05 10 


17. Write Hamiltonian operator and i-function of Lit 
taking into account the spin of all the electrons: 


Solution 


atom 


n b 4 1 1 1 
= 2 24 pea Beep ug obo di 
H^ gami trite (24 du. =) 
eee Leu) 
Fig. З Tf 


where ri, r2 and r3 are the distances of the electrons from the 
nuclei and г\л, гуз and r23 are the inter-electronic distances. 
№ is written as Slater determinant form for n electrons 


Si а (1) PPa)  ... eu (n)a (n) 
| ARD е, Q)8Q) ... ex (п) BM 
Үп! | 9250080) ex Q)aQ) ... da (n) a(n) 

25 (1) В(1) 2s (2) B (2) $, (n) B (п) 


Therefore for Li atom n =: 3 


y= 


$s (Dal) gas (Dal) gis (3) (3) 25! 
V --l|9s080 4.080) 4.380) 
VE | daal) ga Dal) Ф, (3) а (3) | 
$25 DBO das (2) B(2) da (3) B (3) | 
18. Write H and у for He atom 
m 5 Б 1 2 
Н = (3 + r-2e (—- ++;) E^ 
v= Jl | ds (1) а (1) фы (2) a (2) 
A 
? 580080) 4,2) 


Quantum Mechanics of Molecules 


1. Explain the difference between: 
a) Valence bond approach. 
b) Molecular orbital approach. 
Discuss the wave mechanics of hydrogen molecule in this 


context. 
The binding energy of N is 6.35 and that of № 7.38 eV. 


whereas the binding energy of Of is 6.48 and that of O2 
5.08 eV. How would you explain this on the basis of mole- 
cular orbital theory? 

Give the wave mechanical treatment of hydrogen molecule 
ion. What is understood by bonding, andantibonding mole- 


cular orbitals. 
3. Give an account of wave mechanical theory of covalence, 


what is understood by resonance. 
Construct the sp aud sp? hybrid orbitals by combining 
atomic orbitals. Evaluate the coefficients, by using normali- 
sation condition and orthogonality theorem. Trace the angu- 
lar variation of such orbitals. 
Give the molecular treatment of hydrogen molecule ion. 


Discuss the electronic energy level diagrams. 
Outline the wave mechanical treatment of hydrogen molecule 


and hydrogen molecule ion. Discuss the significance of sym- 
metric and antisymmetric solutions. Briefly discuss the rela- 
tive merits of valence bond and molecular orbital approach. 
7. Give the valence bond (Heitler-London) treatment of hydro- 
gen molecule. Explain Coulomb and Resonance integrals. 
8. Give an outline of molecular orbital treatment of diatomic 


molecules. 
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9. 


10. 


1 


12. 


13. 
14. 


15 


Give an account of the М.О. theory of simple diatomic 
molecules. Prepare a table summarising M.O. configuration, 
and bond orders for the molecules №, Oz and NO. 
Discuss the M.O. treatment of benzene. How is resonance 
energy calculated? 
Outline the LCAO. M.O. theory of benzene. Evaluate the 
energies of molecular orbitals and hence calculate the reso- 
nance energy. 
Show that the electron density at all the carbon atoms is 
unity for butadiene. 
Calculate the bond order for ethylene. 
Discuss the M.O. theory of butadiene molecule. 
How are the following determined. 

1) Delocalisation energy of cyclobutadiene. i.e. 

2) Wave functions for naphthalene molecule using group 

theory. 
If y and yz are wave functions fora degenerate energy state 
E, prove that any linear combination C, yi + Co уә is also 
a wave function. 
Solution 
The wave equation can be written as: 
m 
[pm E $+ GB V) dom 


VJ and уз are wave function for the energy state E, then 


k d 
822m oe + (E-V) fi = 0 (D 
hod 
and Bex = + (Еи) у = 0 (2) 


multiply equations (1) and (2) by constants C, and C; respec 
tively and adding we get: 


h? (É Cid, " aC, пси) 


822m dx? 


+ (E-P) (Gi 
+ © фә) = 0 
n 


q? 
ON Sem det Cot Cu) + (Еу) (Cr yi- 


+ С уз) = 0 


16. 


18. 
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It means C, Ji + C2 #2 is also an eigenfunction of energy 


state E. 
Describe the molecular orbitals that would be used in the 


molecules HeH*, LiH, CO, CN. 


Solution 
In M.O. method the electrons outside closed shell, (valence 


electrons) make a contribution to the binding energy of a 
molecule. Therefore, for a molecule like LiH. The valence 


electron is 2s! and Н = Is’. 

Therefore, ҸАН = yos (Li) + Vis (Н) 
V HeH* = ул (Het) + Vis (Н) 
pCO = pap (C) + (О) 
WON = thoy (©) + dz; N) 


In terms of the valence bond and molecular orbital theories 


describe and compare: 
а) № and C2H2 
b) NO, НЕ, H20, NH3 апі СН; 


Solution 
a) Valence bond 


у.В. model of №. 


M.O. 
№ = ls c^. Iso 


and 27 bonds. 
СН; = 15 о? 15 02*, 25 осн: 2502 ap 2роё_с 2рте_с 


By means of correlation diagram with added electrons des- 


e radicals CN, CH, С. Estimate relative inter- 
et number of bonding electrons. 


x2, 25 g?, 25 o*2, 2p а?, 2p т^ one sigma 


cribe the fre 
nuclear distance from the n 
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Solution 


CN, the total number of electrons outside closed shells 
=445+1=10 
M.O. correlation diagram would be: 


111 


| 


one electron 


Molecular orbital diagram of CN 
Bond order — 3. 


For CH, total number of electron outside closed shell 


=a ТУЕ 1276 
М.О. diagram would be as shown as follows 


guess 


— 3.4 


i Free electron 


1s 


CH" 


Molecular orbital diagram of CH 


For Co, the total number of electrons = 4+ 4 -+ 1 = 9апі 
M.O. diagram is as shown 
2—1 T з 1. H 2p 
WM C Electr 
Mo rd 14 fe EN Electron 
Sas 4 27 
Кед il " 7 6 
MTM 
2s 
m 


Molecular orbital energy diagram of С, free radical 
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Bond order — 2.5 
then the internuclear distance would increase in the order 
CN « € « CH 
19. If sp? hybridised normalised orbitals are orthonormal and 
given as: 


1 1 є 1 
fam ДЕ Рт age 
cw й 
mE 


Find the value of C; and C3. 


5 + Co px + Cs py 


Solution 
These orbitals are orthgonal. It means they must satisfy the 


condition 


` 


јата 0 and | a js de — 0 
0 0 
also we know that [е йт = Е а= |, ат = 1 
à (y vs ò 


and W Ypy ar = fu Vip, йт = | Jp. f Vp, dr —0 
0 ò 0 


then applying the condition of orthogonality 


[ vite de = 0 -|(qs5+ 78") 


(55 s + Сор: + о) dr 


co 


1 C2 C3 
o=|( 2+ Bont уке» + 12 
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C ss 2 d, 47 
Ve 43 3 and Cm = 


20. If the wave functions for two electrons are as follows: 
Yr = Cu y. + Co y, 


p2 = Си hs + Cs y, 
and they are orthogonal, prove that 


€i Си + C2 С» = 0 
Hint: apply the ortho 
ple 18 
21. Using molecular orb 
a) Hc» and Be; 
b) О, is para magnetic while № is not. 
с) № molecule has one с and two z-bonds. 


d) №ап CO have Similar physica] properties. 
€) О, is less State than OF, 

22. Draw energy level diagrams 

of H}, Hp, He}, He, Li», 


gonality condition and Solve as exam- 


ital theory explain the following: 
do not exist. 


and write the electronic structure 
Во, Bo, C; 


27. 


28. 


29. 
. Using HMO theory determine the energy of the following 


N 
N 
[n 


№, Е, СО, C6H6, C2H2, CN- and NO 
When do the atomic orbitals interact to form a molecular 


orbitals? 


+ What are the rules for filling М.О. of a molecule? 
. Explain the significance of M.O. 
- Given an explanation of the following on the basis of М.О. 


theory: 
a) NO* апа N2 are both diamagnetic and have similar 
properties. 
b) Both NO and NO- are paramagnetic. 
Which molecules among the following pairs have greater dis- 
sociation energy: 


a) Oz , Or d) б> , GE 
b) Be ,. Bey e), Fo „РД 
co) В. , By f) NO , NO- 


Differentiate between: 
Atomic orbital, Hybrid A.O, M.O. and a hybrid M.O. 
Predict whether (a) Liz, and (b) Be» can exist. 


Allylic systems: 
C; Hf, Сз Н; and Cj Hs 


Solution 
The allylic system is: 
C——C——C 
1 2 3 
The secular determinant for the system would be if; 
-— _ 
la x 
Xx 1 0 
il X =0 
0 1 x 


On solving the determinant: 
х2—2х = 0 thenx —0 andx = +42 


therefore energy levels 
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E, =« + М2 В, E; =a and Е, = х —42 В 


the energy level diagram for various allylic systems would 
then be as: 


CE D cu x f$ 
a 1 1 
«—2В 1 1 1 
GH? GH; CH 
The total z-electron energy of cation Ef = 2« + 24. 2B 


For allylic anion C3Hs = 2 (« + 42 8) + 2 (ә) 


= 4 +202 В 

and 

For allylic radical C3H; = 2 (« + 42 B) + a 
= 3« + WZB 


31. Using HMO calculate the energy of Trimethylene methane 
and draw energy level diagram. 


Solution 
The Trimethyl methane is: 
сз 
2 
C—C 
1 2 
Sa 
the secular determinant will be: 
x 1 1 1 
1 x 0 0 
ex 
1 0 x 0 
КР O0 0 Xx 


On solving the determinant we get 
х*— 3х2 — 0 thus х= 0 andx = +43. 
Hence, 
Е =« + 438, Е = Ез = а, Е, = a— А3 В 


Therefore the energy level diagram will be: 


32. 


33. 


а= УЗ В E; 
a E E» AE Пе: 
a + МЗВ 1 F 


Two of the four available 7-electrons are put as usual in the 
first energy level. The next level is two-fold degenerate. In 
such a case according to Hund's rule, one electron is placed 
in each level with unpaired spins. 


Total z-electron energy E = 4x + 24/38 


The parallel spins indicate that the compound is a di radical. 
Using HMO theory obtain the total energy and the DE for 
the following network. 


ANS. x =-2,1,1 
es “мч Ei = 2a + 4B, РЕ = 28 
E, = 3а +38 РЕ = В 
E- = 4 +28 DE=0 


m 
AT T ANS. x = + 1.802, + 1.247, 
W X 0.445 


E, = 6x + 6.9888, 


ў DE = 0.9888 
(©) "db М ANS. x = 0, +413, + 1 


Et = 4а + 5.4648, 


DE = 1.4648 
Ej = 5а + 5.4648, 

DE = 1.464 В 
Ez = ба + 5.4648, 

DE = 1.4648 


Calculate by LCAO M.O. method using SHMO theory, 
whether the linear (H— Н — Н) or the triangular state 


f E] T 
[cule 
(=H. 

is more stable. Do the same for H3 and H;- 


Solution 
For linear Н}, the determinant will be: 
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- Calculate the E, 


x 1 0 
1 9d 1|[20 
0 1 x 


On solving x3-2x = 0 thenx = +47 andx=0 
Thus А =а+ 120, Е =а and Ej = а 
The energy level diagram will be: 
a—42B 
z _ —_—______——— 
a + У?В tl 
Ht (linear) 
Total Е = 2« + 2/28 


For Нз, we have one more electron, hence E = 3a + 2428 


and Ну, it would be 4a + 2/28 
Proceeding in the same way for triangular Hs, the secular 
determinant will be: 


1 1 х 

so that x3i—3x -2-—0 orx —- 1, 1 and—2, 
Thus E-—«—-28, a—B,a- В 

and the energy level diagram will then be 

a—B a— В 
А ty a +2 В 

Total energy Е = 2« + 4B 

For Н, Е = 34+ ЗВ 

end Нұ Е = 4a +28 


Thus since f is negative and « is positive. 
i) Energy of Н; is less than H3, and 
ii) Energy of Hy} is less than H3. 


of Benzene molecule and draw its energy 
level diagram. 


ANS. ба + 88 


35. Predict the aromaticity of СН. 
Solution 


Nz = 6. According to 4m + 2 rule with 
m= 1 hg = 6. 


It is predicted to have extrastability resulting from resonance 
energy associated with aromatic compounds. 

36. Draw energy level diagram of the ground state configuration 
of CsH2, CH; and СУНУ. Which is the most stable accord- 
ing to 4m + 2 rule? 


32 
lL 


Cs Hs 


ANS. СУНУ 


37. Find the electron density for each of the following systems. 


Cyclopropenyl ANS. 
Cation ф = q2 = фз = 0.677 


^ Anion qı = Фф = q; = 133 
(а) 
Cyclobutadiane ANS. 
Ф = Ф = 93 = 4 = 1 
(b 


38. The molecule ion HeH* is similar to Hz in that there are 


only two orbital electrons 
a) Would you expect the ionic character of HeH* to be 


greater or smaller than that of H7? | 
b) Can the simple valence bond wave function for H2 


be used for HeH*? Explain. 
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Solution 
More ionic character because electrons will spend more time 
around He nucleus. 

c) No. Since the two atoms are different, two ionic 
terms corresponding to aa and bb would have differ- 
ent coefficients. 

39. Derive an expression for the normalisation constant N in 


ANS. N =1/2(1 + S)!2. S is the overlap integral. 
Show that the normalisation factor for an sp hybrid wave 
function is 1/42. 


Ligand Field Theory and 
Intermolecular Forces 


. What do you understand by: 

a) Centre of symmetry, 

b) Plane of symmetry, 

c) Character table, 

d) Identity, and 

€) Property of a group. 

. How can you write down the orbitals for a linear diatomic 

molecule on the basis of group theory? 

. Discuss the application of group theory to quantum mecha- 

nics by taking a specific example. 

. Listand discuss the symmetry elements possessed by the 

following molecules. 

- Which of the following molecules have a centre of symmetry 

1) СН, H20, BCl;, CHCl, 

2) List thesymmetry elements of the above molecule, 

3) Write down the multiplication table for above, 

4) Write down the result of the symmetry operation on 
the p orbitals of sulphur atom. 

- Discuss the quantum mechanics of: 

1) Weak field complexes, 

2) Strong field complexes, 

3) Sandwitch compounds. 

- Whatare van der Waals forces. Discuss their origin and 

give an outline of the quantum mechanical derivation of 


attraction energy. 
- Discuss the quantum mechanical treatment of: 


1) van der Waals forces, 
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2) Donor-acceptor interaction, 
3) Hydrogen bond interaction. 
9. Give an outline of ligand field theory based on symmetry 
considerations. What is the basic difference between 
a) Weak field complexes, and 
b) Strong field complexés from quantum mechanical new 
put. 
The ligands F^ and CN- are quite different in their abilities 
to form labile and inert complexes. F- is a weak ligand 
while CN- is a strong ligand forming outer- and inner-orbital 
complexes respectively. Prepare a diagram showing the con- 
figuration of COF2- and CO (CN è- and predict the number 
of unpaired electrons. 


10 


Solution 

“ИПС | 
САДЕ ELE к [е] кф NU NE 
“ШШЕ E: ЕЕ ГГ 


11. As in question 10, predict the number of unpaired electrons 
in 


x 


Fe, FeFj- Ее (СМ№);-! 
ANS. 5, 5, 1. 


12. By how many times the van der Waal's attraction energy 
would be increased when the inter nuclear distance is reduced 
by 1/2. ANS. 64 
Compare it with the coulombs energy between two point 
charges when the distance between them is reduced by 1/2. 
(ANS. van der Waals forces will 
increase 64 times and coulomb forces 
4 times). 
Show that the frequency of a charge transfer band would 
Increase fora charge transfer complex (i) when the ionisation 
potential of donor increases, and (ii) when the electron-elec- 
tron affinity of the acceptor decreases. 
Hint : 


13. 


Iver = I(9)—4A (A) + О. 
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Miscellaneous 


1. 


What is understood by tunnel effect? How does a free parti- 
cle in one-dimensional box and a particle moving through 
an energy barrier differ energetically? Using quantum 
mechanical arguments obtain an expression for this probabi- 
lity of the particle crossing this energy barrier. 

What do you understand by harmonic oscillator? Obtain the 
appropriate Schródinger equation for this case. Give the 
outline of the solution and discuss the results. 


APPENDIX I: SOME PHYSICAL CONSTANTS AND 
DEFINED VALUES 


Velocity of light 

Avogadro's number 

Planck constant 

Rydberg constant for 
hydrogen 

Gas constant 


Electron charge 
Electron rest mass 
Proton rest mass 


Neutron rest mass 


Metre 


Kilogramme 
Second 


Standard gravity 

Standard molar gas 
volume 

Absolute ice point 

Triple point of water 


Sec 


2.997925 x 10'? cm sec 
6.0225 x 10?? particles mole? 
6.6256 x 10-*’ erg oec. 
109,737.31 стт! 


0.082054 litre-atm deg-! mole-? 
8.3143 joules deg-? mole-* 
1.9872 cal дер? mole-* 
1.60210 X 10-* coulomb 
4.80298 x 10—29 e.s.u. 

9.1091 X 10-*8 g 

0.00055 a.m.u. 

1.6725 x 107?! р 

1.007277 a.m.u. 

1.6748 x 107? g 

1.008665 a.m.u. 

1,650, 763.73 wavelengths in 
vacuo of the 2p'^-3d* 
transition in Kr?* 

mass of international 
kilogramme serves, France. 
1/31, 556, 925, 9746 of tropical 
year 1900 

980.67 cm sec-* 

22.412 litres 


273.15°K 


E 


APPENDIX II: CONVERSION FACTORS 


] Faraday = 96, 487 coulombs mole-* 

] Coulomb 6.281 х 1018 electronic charges 
1 Electron Volt 1.602 x 10—!° erg 

3.827 x 10-?? Cal 


y wow um M 


1 Metre 39.37 inches 
1 Angstrom unit 1х10-—® cm 
1 Litre 1.0567 quarts 
1 Kilogramme 2.205 pounds 
1 Litre-atmosphere = 24.21 Calories 
= 9.89 x 10-? joules 
1 Calorie (gram) — 4.184 joules 
= 2.613 x 10" electron Volts 
0°К = —273.15°C (273.16° below triple 


point of H:0) 
1 Atmosphere = 760 torr 
= 1.013 x 10* dynes cm~? 
= 1 mm Hg at 0°C. 
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ERRATA 


Present 


strongly 
y2 
Wavelength, m 


(mvx Дох) 


up 
yp 


Eectrons 
0+0 
Hence, ., - (3.26) 


(3.27) 


cj-c2 = 0 


Ё, 


> 


| y нора, 
yo 


x2 


Corrected 


more strongly 
2 
Wavelength, m x 106 


Ax 
(m. ao. 5, At 
ys) 
b 
\ 
i 
atomic orbitals 


2С\. 2S 


Where S is the overlap 
integral 


(3.26) 
02—02 =0 or 
€ к= dt o... (3.27) 


k2 
pur yj == fff. 
Three-fold 

Ny 

N 


y. 

sin 20 sin 24 
| 

2 

2 

2 

т 


order 


f3 


the whole line ` 


n 
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4? 

and Fock 
Фа 

Ҹа, 

be 


be 


sin? 0 sin 24 


ge ` 


NNN 


[m] 
order m 
Jaf 
delete 


m 
Vis 
viv 
delete 
V; 

va 


Re 
Nucleus 
Nucleus 
Nucleus 
En 
yp 


p 


93 
93 
96 
96 
96 
97 
103 
103 
103 
105 
105 
105 


15, 16 


Self consistent 
C 
91s 
O2py 
92р, 
d— d (x) 
this 
nuclei 
this 
CCl; 
ls 
electrons 
1 
wa (2x1 + хә 


+ Хз + ха + х5 + xo) 


h= 


Ф = qet» 


+ xs— xg) 

S4 = $ (x1— x7 
+ xs—x) 
«(= (2) 


At = [au]! = [ay] 
From equations 
(3.26) and (3.28) it 
follows that 


925, 
т* 2p, 
d—d(s) 
the 
nucleus 
the 
CCh 
one 5 


orbitals 
o qu О + ааз 
—2x4— xs + xe) 
1 
$3 = Va (x2 + X3 


—xs—xg) 
S4 = $ (x1—x7 + xs— xs) 


e(r) — er(Z) 


A! = [aij]! = [ау] 
making proper substitu- 
tion in eq. (3.25) we get, 
c +c? 20:8 —1 ... 
(3.28) 
1 


...(3.29) 


Orc; — 


4 


100 8 Add 


119 17 Add 
inthe 
end 


Tt has now been discovered that C2 molecule is 
not paramagnetic and hence m.o. description for 
these molecules has been lately modified. 


It may be pointed out that in the treatment 
above is orbitals of oxygen are ignored. 
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